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Abstract

We study Positivstellenséitze from noncommutative real algebraic geometry. Of
these, we focus on two specific ones. A version of the matrix Fejér-Riesz theo-
rem characterizes positive semidefinite matrix polynomials on the real line. This
characterization has already been extended from the real line to a disjoint union
of finitely many closed intervals in the case of scalar polynomials and to a single
closed interval in the case of matrix polynomials. Our first interest in this thesis
is to figure out what can be said in the case of matrix polynomials and a disjoint
union of finitely many closed intervals. Algebraic certificates of positivity for non-
commutative matrix polynomials on matrix convex sets, such as the solution set of a
linear matrix inequality (LMI), have recently attracted much attention among real
algebraic geometers. In the case of LMIs many certificates are known. Since every
closed matrix convex set containing the origin is the solution set of a linear operator
inequality (LOI), this attracts the second interest of this thesis which is to extend
the certificates from matrix to operator polynomials.

Our main result referring to the first problem is a denominator-free character-
ization in the case of a compact union, called a Compact Positivstellensatz. The
technique in the proof is the adaptation of Schur complements and eliminating
the denominators with the help of known results for scalar polynomials. We also
construct counterexamples for the extension of the characterization to almost all
non-compact unions. By developing the connections between matrix polynomials
and Laurent matrix polynomials we obtain the matrix Positivstellensatz on a dis-
joint union of finitely many closed arcs in the unit complex circle and finally, using
this result we come to a Non-compact Positivstellensatz for a non-compact union of
finitely many closed intervals in the real line using only simple denominators.

Referring to the second problem our first result is an algebraic characterization
for the domination of the solution sets of monic LOIs, called a Linear Positivstel-
lensatz. The techniques used are complete positivity and the theory of operator
algebras. We provide examples which show that the monicity assumption is neces-
sary. As a consequence we also obtain the description of the polar dual of the LOI.
Next we focus on the question of the equality of the solution sets of two LOIs which
turns out to be a harder one. We present the answer for LOIs with compact oper-
ator coefficients, called a Linear Gleichstellensatz. Namely, under some minimality
assumption, the LOIs are unitarily equivalent. The idea is to understand the unital
C*-algebras generated by the coefficients and *x-isomorphisms between them. We
show by examples that the answer does not extend to arbitrary LOIs. Finally, we
establish a Convex Positivstellensatz which characterizes matrix polynomials posi-
tive semidefinite on the solution set of a LOI and show that in the univariate case
it extends to operator polynomials.

Math. Subj. Class. (2010): 13J30, 14P10, 15A22, 461.07, 47A56, 47L25.
Keywords: positive polynomials; quadratic module; Positivstellensatz; free posi-
tivity; linear operator inequality; spectrahedron; noncommutative polynomial; real
algebraic geometry.
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Povzetek

Studiramo Positivstellensatze iz nekomutativne realne algebraiéne geometrije. Med
njimi se osredoto¢imo na posebna primera. Verzija matricnega Fejér-Rieszovega
izreka karakterizira pozitivno semidefinitne matri¢ne polinome na realni osi. Ta
karakterizacija je ze bila razsirjena iz realne osi na disjunktno unijo kon¢no mnogo
zaprtih intervalov v primeru skalarnih polinomov in na primer enega samega za-
prtega intervala v primeru matriécnih polinomov. Prvi cilj tega dela je ugotoviti,
kaj se da povedati za matri¢ne polinome in disjunktno unijo konéno mnogo zaprtih
intervalov. Algebrai¢na zagotovila za pozitivnost nekomutativnih matriénih poli-
nomov na matri¢no konveksnih mnozicah, kot je mnozica resitev linearne matriéne
neenakosti, so nedavno pritegnila pozornost med realnimi algebrai¢nimi geometri in
veliko je ze bilo narejenega. Ker je vsaka zaprta matricna konveksna mmnozica, ki
vsebuje izhodisce, mnozica resitev linearne operatorske neenakosti (LON), to mo-
tivira drugi cilj tega dela, ki je razsiritev zagotovil za pozitivnost iz matri¢nih na
operatorske polinome.

Nas glavni rezultat pri studiju prvega problema je karakterizacija brez imen-
ovalcev v primeru kompaktnih unij, ki se imenuje Kompaktni Positivstellensatz.
Tehnika v dokazu je predelava Schurovih komplementov in odprava imenovalcev z
uporabo znanih rezultatov za skalarne polinome. Konstruiramo tudi protiprimere
za razsiritev te karakterizacije na skoraj vse nekompaktne unije. S studijem povezav
med matri¢nimi polinomi in Laurentovimi matri¢nimi polinomi izpeljemo matri¢ni
Positivstellensatz na disjunktni uniji konéno mnogo zaprtih lokov na enotski kom-
pleksni kroznici. Z uporabo tega rezultata nato izpeljemo Nekompaktni Positivstel-
lensatz za nekompaktno unijo zaprtih intervalov na realni osi, v katerem nastopajo
le enostavni imenovalci.

Nas prvi rezultat pri studiju drugega problema je algebraic¢no zagotovilo za dom-
inacijo mnozic reSitev enicnih LONov, ki se imenuje Linearni Positivstellensatz.
Glavni uporabljeni tehniki sta popolna pozitivnost in teorija operatorskih alge-
ber. Predstavimo tudi primere, ki pokazejo, da je predpostavka eni¢nosti potrebna.
Opisemo tudi polaro LONa. Nato se osredoto¢imo na vprasanje enakosti mnozic
resitev dveh LONov, kar se izkaze za tezji problem. Predstavimo odgovor za LONe
s kompaktnimi operatorskimi koeficienti, ki se imenuje Linearni Gleichstellensatz.
Ta pove, da sta pri predpostavki minimialnosti LONa unitarno ekvivalentna. Ideja
je razumeti unitalne C*-algebre, generirane s koeficienti LONa, in *-homomorfizme
med njimi. S primeri pokazemo, da se izrek ne razsiri na poljubne LONe. Na
koncu izpeljemo Konveksni Positivstellensatz, ki karakterizira nekomutativne ma-
tricne polinome, pozitivno semidefinitne na mnozici resitev LONa. V primeru ene
spremenljivke pa ga razsirimo na operatorske polinome.

Math. Subj. Class. (2010): 13J30, 14P10, 15A22, 461.07, 47A56, 47L25.
Kljuéne besede: pozitivni polinomi; kvadratni moduli; Positivstellensatz; prosta
pozitivnost; linearna operatorska neenakost; spektraeder; nekomutativni polinom:;
realna algebraicna geometrija.
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Chapter 1

Introduction

This thesis studies Positivstellensatze for matrix and operator polynomials. The
name Positivstellensatz refers to an algebraic certificate for a given polynomial p
to have a positivity property on a given closed semialgebraic set K. The problems
of finding such certificates belong to the field of real algebraic geometry. Given an
arbitrary K it can be very hard to find an optimal certificate, especially if p is not
strictly positive on K but is only nonnegative. In the thesis we study two different
types of certificates regarding the set K and a noncommutative polynomial p which
we would like to represent, both belonging to noncommutative real algebraic geom-
etry.

Two equivalent versions of the matrix Fejér-Riesz theorem characterize positive
semidefinite n X n matrix polynomials on the real line R and on the complex unit
circle T. In the case n = 1 the extensions of this result to arbitrary closed semialge-
braic sets K C R are well-understood by the works of Kuhlmann, Marshall [KMO02]
and Scheiderer [Sch03], while for arbitrary n € N and K being a closed interval by
the work of Dette and Studden [DS02]. The first main problem of the thesis is to
study the extension of these results to matrix polynomials for arbitrary n € N and
arbitrary closed semialgebraic set K C R.

Establishing Positivstellensétze for polynomials, positive semidefinite on ma-
trix convex sets, such as the solution set of a linear matrix inequality (LMI), is
the domain of free real algebraic geometry. A polynomial is evaluated on a tu-
ple of matrices and the evaluation is a matrix or an operator. For LMIs and
polynomials whose coefficients are self-adjoint matrices, various Positivstellenstel-
lensatze were established by Helton, Klep and McCullough in a series of papers, e.g.,
[HKM12, HKM13b, HKM16b]. Since by [EW97] every closed matrix convex set con-
taining the origin is a matrix solution set of a linear operator inequality (LOI), this
motivates the second main problem of the thesis which is to study the extensions of
their results to LOIs and polynomials with operator coefficients.

The thesis is based on the results presented in [Zall5 arxiv, Zall6, Zall7].



Positivstellensatze for univariate matrix polynomi-
als

In Chapter 2 we study univariate matrix polynomials positive semidefinite on semi-
algebraic sets.

We start Section 2.1 with a well-known characterization of nonnegative polyno-
mials on the real line R (see Theorem 2.1.1) and its equivalent version for Laurent
polynomials nonnegative on the unit complex circle T, called the Fejér-Riesz theorem
(see Theorem 2.1.2). On one side both theorems have extensions to arbitrary closed
semialgebraic sets K by the results of Kuhlmann and Marshall from 2002 [KMO02]
and Scheiderer from 2003 [Sch03]. Namely, the appropriate algebraic structures in
the characterizations are a quadratic module Mg and a preordering Ts from real
algebraic geometry (RAG), generated by a special finite set S of polynomials called
the natural description of a semialgebraic set K. In the case of a compact semialge-
braic set K one can replace S by any set S satisfying the conditions of a saturated
description of K. Quadratic modules containing all nonnegative polynomials on K
are called saturated. On the other hand it has been well-known from the middle
of the 20th century that Theorems 2.1.1 and 2.1.2 can be generalized to operator
polynomials by replacing squares of polynomials by hermitian squares of operator
polynomials [Ros58|. These two aspects motivate our research of the extensions
of Theorems 2.1.1 and 2.1.2 from usual polynomials to matrix polynomial positive
semidefinite (psd) on arbitrary closed semialgebraic sets. By the results of Dette
and Studden from 2002 [DS02], the results of Kuhlmann, Marshall and Scheiderer
extend to matrix polynomials in the case K is a single interval (bounded or un-
bounded) which can be derived from the matrix version of Theorem 2.1.1. However,
this technique does not work in the case K is a disjoint union of several intervals.
The question what is true for such K is the content of the remaining sections in
Chapter 2.

In Section 2.2 we prove the main result of this chapter which characterizes matrix
polynomials positive semidefinite on compact semialgebraic sets in the real line. Let
Clx] (resp. R[z]) be the set of complex (resp. real) polynomials and M, (C[z]) the
set of all n x n matrices over C[z] with conjugated transpose as the involution .
Given a finite set S := {g1,...,9s} C R[z| the closed semialgebraic set associated to
S in R is defined by

Ks={xeR:gj(x)>0,j=1,...,s},
and the n-th matriz quadratic module generated by S in M, (C[z]) by
Mg ={G;Go+GiG1 -1+ ...+ GiGs - gs: G; € M,,(C[z]), 7=0,...,s}.

We denote by Pos?(K's) the set of all nxn matrix polynomials F’, such that F' = F*
and F(xg) is a positive semidefinite matrix for every zy € Kg. The set MY is called
saturated if Mg = Posl(Ks).

Theorem A (Compact Positivstellensatz; see Theorem 2.2.1). Suppose S € R[z]| is
a finite set of real polynomials such that the semialgebraic set Kg C R is compact.
The n-th matriz quadratic module Mg 1is saturated for every n € N if and only if S
satisfies the following two conditions:



(a) For every left endpoint x; of Kg there exists g € S such that g(z;) = 0 and
g'(z;) > 0.

(b) For every right endpoint y; of Kg there exists h € S such that h(y;) = 0 and
h'(y;) < 0.

The proof of Theorem A has three main ingredients, i.e., the n = 1 case which
is the result of Scheiderer (see Corollary 2.1.13), the so called “hF-proposition” (see
Proposition 2.2.2) and eliminating h in “hF-proposition”. The“hF-proposition” is
established in Subsection 2.2.1 by the adaptation of Schur complements. Finally, to
eliminate h from “h[F-proposition” one needs the n = 1 case of Theorem A and is
presented in Subsection 2.2.2.

In Section 2.3 we show that Theorem A does not extend from compact semialge-
braic sets to unbounded closed semialgebraic sets since there exist counterexamples.
Given a finite set S C R[z] we define the n-th matriz preordering generated by S
by T§ := My s © My(Clz]) where J[.S stands for the set of all finite products of
different elements from S.

Theorem B (see Theorem 2.3.1). Suppose K C R is an unbounded closed semi-
algebraic set and Ky, ..., K, its connected components. Let K satisfy either of the
following cases:

Case 1: There arei,j € {1,...,r} such that K; and K; have a non-empty inte-
rior, I 1s bounded and K; is unbounded.

Case 2: There are r > 3 components where exactly one of them is an unbounded
interval and all the others are points.

Case 3: There are r > 4 components where exactly two of them are unbounded
intervals and all the others are points.

If S C R[z] is a finite set such that Ks = K, then the 2-nd matriz preordering T2
s not saturated.

In Section 2.4 we focus on the question of degree bounds in a saturated matrix
preordering Ts generated by the natural description S of a semialgebraic set K.
We prove that if K is a disjoint union of two unbounded intervals, then the degree
bounds are optimal (see Theorem 2.4.2), i.e., the degrees of the summands can be
bounded by the degree of the matrix polynomial they represent. We also prove that
if K is finite, then the degrees of the summands can be bounded by the maximum
between the degree of the matrix polynomial they represent and one less than the
number of points in K; moreover, if there are at least four points in K, then the
degree of the matrix polynomial is not sufficient (see Corollary 2.4.4 and Example
2.4.5). However, for other sets K the question of degree bounds remains open.

In Section 2.5 the focus is on complex Laurent matrix polynomials positive
semidefinite on a finite disjoint union of closed arcs in the unit complex circle T. We
establish an analogous result to Theorem A for such polynomials which generalizes
the matrix Fejér-Riesz theorem; see Theorem 2.5.4. To prove Theorem 2.5.4 we first
establish connections between semialgebraic sets in T and R, their descriptions and
the corresponding matrix polynomials. This is done in Subsection 2.5.1 with Mobius



transformations being the main tool. Then, in Subsection 2.5.2, these connections
are used to establish an analog of the “hF-proposition” for matrix Laurent polyno-
mials (see Proposition 2.5.5). Finally, to eliminate the denominator we use a result
of Scheiderer (see Proposition 2.5.6).

In Section 2.6 we prove Positivstellensatz for matrix polynomials positive semi-
definite on unbounded closed semialgebraic sets.

Theorem C (Non-compact Positivstellensatz; see Theorem 2.6.1). Suppose K C R
s a proper unbounded closed semialgebraic set and S the natural description of K.
Then, for any matriz polynomial F' € M, (C|x]) such that F' = F*, the following are
equivalent:

(1) F is positive semidefinite in every xo € K.

(2) For every point w € C\ K there exists k,, € NU{0} such that |x —w|**» . F €
M.

(3) There exists k € NU {0} such that (1+ 2?)*-F € M2.

In Subsection 2.6.1 we establish inverse connections to the connections estab-
lished in Subsection 2.5.1. This enables us to use Theorem 2.5.4 in the proof of
Theorem C. The denominators in Theorem C appear since there do not exist op-
timal degree bounds in Theorem 2.5.4. An interesting result of Theorem C is the
fact that there exist uniform denominators up to the exponent for all sets K and all
matrix polynomials F'.

Finally, in Section 2.7 we explain briefly how Theorem A extends to curves in
R? (see Theorem 2.7.5).

Positivstellensatze on matrix convex sets

In Chapter 3 we study algebraic certificates of positivity for noncommutative (nc)
operator polynomials on matrix convex sets.

In Section 3.1 we introduce the definitions and present known results for linear
matrix pencils and matrix polynomials. These results have been established by
Helton, Klep and McCullough in a series of papers. Our motivation is to generalize
their results to linear operator pencils and operator polynomials.

The main result of Section 3.2 is the algebraic characterization of the inclusion
of the solution sets of linear operator inequalities (see Theorem D below). Let .77
be a real Hilbert space and B(7¢) the set of all bounded linear operators on J¢.
We say A € B(J) is positive semidefinite and write A = 0 if A is self-adjoint and
(Ah, h)» > 0 for every h € € where (:,-) ,, stands for the inner product on .
Given real Hilbert spaces ¢, %, setting

(h1 @ k1, ha @ k2) gy i= (h1, o) (ks ko)

and extending by linearity, we obtain an inner product on the vector space 5 ® % .
The completion of 7 ® # with respect to this inner product is a Hilbert space,



which we still denote by . ® 2. Given operators A € B() and B € B(%),
setting
(A® B)(h® k) := (Ah) ® (Bk),

and extending by linearity, one obtains an operator A ® B € B(7 @ JX').
Theorem D (Linear Positivstellensatz; see Theorem 3.2.13). Let J¢;, j = 1,2, be

g
separable real Hilbert spaces and Lj(x) = Ly, + ZAj,kxk, j = 1,2, linear operator

k=1
pencils where Ly, is the identity operators on J; and each Ajy is a self-adjoint

operator on ;. The following statements are equivalent:

(1) For every n € N and every tuple X = (Xi,...,X,) of self-adjoint n x n
matrices such that

g
LX) =L@, +Y A ® Xy =0,
k=1

we have that

g
Lo(X) =Ly @ I+ Y Agp @ X, = 0.
k=1

Here I,, stands for the identity matrixz of size n.

(2) Let C stand for the smallest unital C*-algebra in B(A & R) containing

A, 0 B
{O 1}, k=1,....9.

There exist a separable real Hilbert space £, an isometry V . 75 — X and
a unital *-homomorphism m : C — B(%") such that

(LR R (ER)t

(3) Let C stand for the smallest unital C*-algebra in B(J8) containing Ay, k =
1,...,9. There exist a separable real Hilbert space %y, a contraction Vy : 75 —
Ko, a unital x-homomorphism my : C — B(J#) and a positive semidefinite
operator S € B(74) such that

L2 =S+ VE)*T‘-O(LI)‘/O'

Theorem D is the extension of [HKM13b, Theorem 1.1] from matrix pencils to
operator pencils. The proof is presented in Subsection 3.2.1. The main techniques
used are similar to those in [HKM13b], i.e., complete positivity and the theory of
operator algebras. We define the unital *-linear map 7 between the linear spans
of the coefficients of the given linear pencils and connect Theorem D (1) with the
complete positivity of 7 (see Theorem 3.2.5). Then Theorem D follows by invoking
the real version of Arveson’s extension theorem and the Stinespring dilation theorem.
As a consequence of Theorem D we describe in Subsection 3.2.2, assuming the



notation of Theorem D, the set of all tuples (As;, ..., As,) that satistfy (1) for a
given tuple (Aq1,...,A1,).

In Section 3.3 we consider the algebraic characterization of the equality of the
solution sets of linear operator inequalities. The main result is the following.

Theorem E (Linear Gleichstellensatz; see Theorem 3.3.1). Let 7%, j = 1,2, be

g
separable real Hilbert spaces and Lj(w) = Ly, + ZAmxk, j = 1,2, linear operator

k=1
pencils where Iy, is the identity operators on J; and each Ajy is a self-adjoint

compact operator on ;. The following statements are equivalent:

(1) For every n € N and every tuple X = (X1,...,X,) of self-adjoint n x n
matrices we have that

g g9
La @Li+) Ap®Xp =0 & Lp®Li+Y» Ay ®X; = 0.
k=1 k=1

Here I,, stands for the identity matrix of size n.
(2) Let H; C 7, j = 1,2, be closed subspaces satisfying the following:

(a) Hj is invariant under each A, k=1,...,9.

(b) For every n € N and every tuple X := (X3, ..., X,) of self-adjoint n x n
matrices we have that

g g
Iy @ Lo+ > Al @ X; 20 & L@+ Ajp®X; = 0.
k=1 k=1

Here Iy, stands for the identity operator on H; and Ajx|m, for the re-
striction of A;y to H;.

(c) There is no proper closed subspace H; C Hj satisfying (2a) and (2b).

There is a unitary operator U : Hy — Hy such that for k =1,..., g we have
that

Aol = U Ay |, U.

Theorem E extends [HKM13b, Theorem 1.2] from monic linear matrix pencils
with bounded spectrahedra {x € R9: L;(x) > 0}, j = 1,2, to monic linear operator
pencils whose coefficients are compact operators and arbitrary spectrahedra (not
necessarily bounded ones). The proof is presented in Subsection 3.3.1. The main
technique is to understand the C*-algebra generated by the unital operator system
spanned by the coefficients A;.|g,, & = 1,...,g, in the notation of Theorem E
(2) and the isomorphisms between such C*-algebras. The crucial observation in
the extension from bounded to unbounded spectrahedra is Proposition 3.3.7 which
connects a tuple (Aj1|m;,..., Ajq|lm,) with a tuple (A;1|m; @ O, ..., Aj4|lo, © Or)
where Or stands for the zero operator on R. The existence and characterization
of subspaces H; satisfying the assumptions (2a)-(2c) in Theorem E are proved in
Subsection 3.3.2 (see Corollaries 3.3.16 and 3.3.20). Further on, in Subsections 3.3.3



and 3.3.4 we study if Theorem E extends to linear operator pencils whose coefficients
are not compact operators. In Subsection 3.3.3 we show, that the subspaces H;
satisfying the assumptions (2a)-(2c) do not necessarily exist (see Example 3.3.21).
But even if such subspaces H; exist, then the conclusion of Theorem E (2) does
not extend to pencils with noncompact coefficients by Example 3.3.22 presented in
Subsection 3.3.4.

The main result of Section 3.4 is the extension of Theorem D in the case of
finite dimensional Hilbert space .74 from a linear matrix polynomial Ly to a general
noncommutative (nc) matrix polynomial F. Let R(z) := R(zy,...,z,) stand for
the set of polynomials in the noncommuting variables z1, ..., z, with coefficients in
R. Let 7, j = 1,2, be separable real Hilbert spaces and B(J#], .74) the set of all
bounded linear operators form 4 to J%. In particular, R(x) and B(.74, 74) are
R-modules. Nc operator polynomials are the elements of the R-module B(.74, 76)®
R(z) which admits an involution %, being trivial on R, reversing variables and being
the usual adjoint on B(J#, 7%). If dim 74 = v; € N, j = 1,2, then we can identify
the elements of B(.74, 7%) with the set of real 15 X vy matrices M,, ,, (R) and the
elements of M,, ,,(R) ® R(z) are called nc matriz polynomials.

Theorem F (Convex Positivstellensatz; see Theorem 3.4.1). Let 5 be a separable
9

real Hilbert space and L(x) = Ly + ZAkak a monic linear operator pencil where

k=1
1,y is the identity operator on € and each Ay is a self-adjoint operator on €. Let

F € M,(R) ® Rlx) be a nc matriz polynomial such that F' = F*. The following
statements are equivalent:

(1) For every n € N and every tuple X = (X1,...,X,) of self-adjoint n x n
matrices we have that

g
LX) =Ly @, +Y 40X, =0 = FX)=0,
k=1

where F(X) is defined by replacing x; with X; and sending the constant term
Fo®1 to Fy® I,. Here I, stands for the identity matriz of size n.

(2) Let C stand for the smallest unital C*-algebra in B(S€) containing Ay, k =
1,...,9. There exist a separable real Hilbert space ¥, a x-homomorphism
m:C — B(X), finitely many nc matriz polynomials R; € M,(R) ® R(z) and

1
operator polynomials Q) € B(RY, %) @ R(x) all of degree at most 5 deg(F),
Jo, ko € N, such that

Jo ko
F=> RR+> Qm(L)Qs.
j=1 k=1

Theorem F for a matrix pencil L was proved in [HKM12] by modifying the
classical Putinar-type separation argument. By essentially using Theorem D and a
version of the Hahn-Banach theorem [HKM16b, Theorem 2.2] we are able to apply
the separation argument from [HKM12] also in the case of an operator pencil L.



Finally, in Section 3.5 we extend Theorem F in the univariate case from a nc
matrix polynomial F' to a nc operator polynomial, see Theorem 3.5.1. The main
step of the proof is the reduction to Theorem D by the use of variants of the operator
Fejér-Riesz theorem [Ros68]. By Examples 3.2.16 and 3.5.2, Theorem 3.5.1 does not
extend to the non-monic case.



Chapter 2

Positivstellensatze for univariate
matrix polynomials

Two equivalent versions of the matrix Fejér-Riesz theorem characterize Laurent
matrix polynomials positive semidefinite (psd) on the complex unit circle T and
complex matrix polynomials psd on the real line R. In this chapter we extend both
characterizations to arbitrary closed semialgebraic sets K C R and 2 C T by
the use of matrix quadratic modules from real algebraic geometry. In the T-case
there is a denominator-free characterization for all sets %", while in the R-case, a
denominator-free characterization exists for compact sets K, but there are coun-
terexamples for such characterization for non-compact sets K. However, there is
a weaker characterization with denominators in the non-compact case. Further-
more, we study a complexity of the characterizations in terms of a bound on the
degrees of the summands needed. We provide examples of sets K C R where the
degrees can be bounded by the degree of the matrix polynomial, as well as coun-
terexamples for this statement. At the end we extend the results to algebraic curves.

This chapter is based on [Zallb arxiv, Zall6].

2.1 Notations and known results

Let C[xz] be the set of complex univariate polynomials equipped with the involution
which is conjugation on the coefficients and is trivial on z, i.e., x* = x. By the
fundamental theorem of algebra, a polynomial f € Clz] non-negative on the real
line is a hermitian square of a complex polynomial.

2N
Theorem 2.1.1. Let f(x) = mexm € Clz] be a complex polynomial which is
m=0

N
non-negative on R. Then there exists a complex polynomial g(z) = Z gmaz™ € Clx]
m=0
such that f(x) = g(z)g(z).

Let T := {z € C: |z| =1} be the complex unit circle and C[z,2] the set of
complex Laurent polynomials equipped with the involution which is conjugation



on the coefficients and z* = i In 1916, Fejér [Fejl6, p. 55] conjectured that a

similar result is true when one exchanges the real line by the unit complex circle
and complex polynomials by complex Laurent polynomials. In the same article he
confirmed his conjecture by a proof of Riesz which, similarly as in the real line case,
essentially uses the fundamental theorem of algebra. This result is now known as
the Fejér-Riesz theorem.

N
1
Theorem 2.1.2 (Fejér, Riesz). Let a(z E amz™ € (C[z —} be a Laurent
z
m=—N
polynomial which z's non-negative on the unit complex circle T. Then there exists a

polynomial b(z Z bmz™ € Clz] such that a(z) = b(2)"b(z).

Let M, ((C [z, %D be the set of n x n matrices over C[z, ﬂ with conjugated
transpose as the involution. Elements of M, ((C [z, %]) are called matriz Laurent
polynomials. We say A(z) € M,(C[z,1]) is hermitian, if A(z) = A(z)". We write
H, ((C z, % ) for the set of all hermitian matrix Laurent polynomials. We call A(z) €
Hn(C z,% ) positive definite (resp. positive semidefinite) in zop € T if v*A(zp)v > 0
(resp. v*A(zp)v > 0) for every non-zero v € C".

In 1958, Rosenblatt [Ros58| generalized Theorem 2.1.2 to matrix polynomials
positive definite on T, while in 1964 Helson [Hel64] relaxed the assumption of positive
definiteness to positive semidefiniteness.

1
Theorem 2.1.3. Let A(z Z An2" € Hy (C{ }) be a n X n hermitian
matrix Laurent polynomial whzch S posztwe semidefinite on T. Then there exists

a matriz polynomial B(z Z B,2™ € M,(C[z]) such that A(z) = B(z)"B(z),

N
where B(z)" = Z B

m=0

In 1966, Popov [Pop66] deduced from Theorem 2.1.3 an analogous generalization
of Theorem 2.1.1 from the case of polynomials to the case of matrix polynomials.
Before stating his result we need some definitions. Let M, (C[z]) be a set of all
n X n matrices over C[z] with conjugated transpose as the involution. Elements of
M, (Clz]) are called matriz polynomials. We say F(x) € M, (C[x]) is hermitian, if
F(z) = F(x)". We write H,(Clxz]) for the set of all hermitian matrix polynomials.
We call F(z) € H,(Clz]) positive definite (resp. positive semidefinite) in xo € C if
v*F(x9)v > 0 (resp. v*F(zg)v > 0) for every non-zero v € C".

Theorem 2.1.4. Let F(x ZF z™ € H,(Clz]) be a n x n hermitian ma-

trix polynomaual which 18 posztwe semzdeﬁmte on R. Then there exists a matrix

polynomial G(x ZGmx € M,(Clz]) such that F(z) = G(z)"G(x), where
m=0

10



N
G(z) = ZG_mT:L’m
m=0

The first direct proof of Theorem 2.1.4 has been given in 1970 by Jakubovié¢
[Jak70]. Using Popov’s [Pop66] reasoning one can see that Theorems 2.1.3 and 2.1.4
are in fact equivalent. The factorizations from Theorems 2.1.3 and 2.1.4 are very
important in control theory [Pop66, KSH00]. Due to this importance many proofs
of either of them have appeared by now by different authors, e.g., [GLR82, Dri04,
EJL09, SS12, Ephl4, HS+]. Moreover, in 1968, Rosenblum [Ros68, Theorem 7]
generalized Theorem 2.1.3 from matrix to operator polynomials.

In the rest of this subsection we will focus on a generalization of Theorem 2.1.1
to semialgebraic sets in R. The closed semialgebraic set associated to a finite subset
S ={g1,...,9s} CR[z] is given by

Ks={x€eR:gj(x) >0, j=1,...,s}.
The n-th matriz quadratic module generated by S in H,(C|x]) is defined by
Mg ={G;Go+GiG1 -1+ ...+ G:Gs - gs: G; € M,,(C[z]), 7=0,...,s},

and the n-th matriz preordering generated by S in H,(C|x]) by

T§ =4 Y, GiGe-g°: G € My(Cla]) for all e € {0,1} 5,
ec{0,1}s
where e := (e1,...,¢es) and g° stands for gf' --- g¢°.

Remark 2.1.5. Note that 7§ is the quadratic module generated by all products g,
ee{0,1}*.

Let Posl((Ks) stand for the set of all n x n hermitian matrix polynomials which
are positive semidefinite in every point of Kg. We call the set Mg (resp. T%) saturated
if Mg = Posly(Ks) (resp. Tg = Posl(Ks)). The degree of a matrix polynomial

N
F(x) = Z Foax™ € M,(Clz]) is N if Fy # 0. If every F' € T¢ from a saturated
m=0

preordering 7¢ has a representation of the form Z G.G. - g° with
ec{0,1}¢

o deg(GiG. - g°) < deg(F) for every e € {0,1}°, then Tg is called very strongly
boundedly saturated,

o deg(GiG. - g°) < f(deg(F)) for every e € {0,1}* where f : NU{0} — NU{0}
is some map, then T¢ is called boundedly saturated.

Theorem 2.1.4 can be restated in the following form.

Theorem 2.1.6. The set My = Ty 1is very strongly boundedly saturated for every
n € N.

11



Given a closed semialgebraic set K C R, there is a natural choice of the set
S C R|z] such that K = Kg. The set S = {g1,...,9s} C R[z| is the natural
description of K if it satisfies the following conditions:

a) If K has the least element a, then z —a € S.

(a)

(b) If K has the greatest element a, then a —z € S.

(c) For every a #b € K, if (a,b) N K =0, then (x —a)(z —b) € S.
)

(d) These are the only elements of S.

The extension of Theorem 2.1.1 to an arbitrary closed semialgebraic set K C R
was proved in 2002 by Kuhlmann and Marshall [KM02, Theorem 2.2].

Theorem 2.1.7 (Kuhlmann, Marshall). Suppose K C R is a non-empty closed
semialgebraic set. If S C R[x] is the natural description of K, then the preordering
Té is saturated. Moreover, if K is not compact, then T& is saturated if and only
if S C Rx] contains each of the polynomials in the natural description of K up to
scaling by positive constants.

Remark 2.1.8. Kuhlmann and Marshall in fact work with polynomials from R|z]
and their squares are usual ones, i.e., p? where p € R[z], while we work with C|x]
and hermitian squares, i.e., p*p where p € Clz]. However, since a hermitian f €
C[z] belongs to R[x] and since every sum of squares of real polynomials is a single
hermitian square by Theorem 2.1.1, Theorem 2.1.7 follows from [KMO02, Theorem
2.2].

Taking care of the degrees in the proof of Theorem 2.1.7, one notices that the
preordering T4 from Theorem 2.1.7 is in fact very strongly boundedly saturated.
This was first noticed by Kuhlmann, Marshall and Schwartz [KMS05, Theorem 4.1].

Theorem 2.1.9 (Kuhlmann, Marshall, Schwartz). Suppose K C R is a non-empty
closed semialgebraic set with the natural description S C R[z]. Then T& is very
strongly boundedly saturated.

Theorem 2.1.7 characterizes saturated preorderings T4 in case Kg is not compact.
It is possible to do the same for compact sets Kg. For this aim another definition has
to be introduced. Let S = {g1,...,9s} C Rlz] be a finite subset with a compact K.
A set S is a saturated description of Kg if and only if the following two conditions
hold:

(a) For every left endpoint x; there exists k € {1,..., s} such that g,(z;) = 0 and
gi(x;) > 0.

(b) For every right endpoint y; there exists ¢ € {1,...,s} such that g,(y;) = 0
and g;(y;) < 0.

In 2003, Scheiderer [Sch03, Theorem 5.17] proved that given a compact semialgebraic
set K, finite sets S C R[z] with Kg = K such that the preordering T4 is saturated
are exactly saturated descriptions of K.
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Theorem 2.1.10 (Scheiderer). Suppose K C R is a non-empty compact semialge-
braic set and S C R[z] a finite set such that Ks = K. Then the preordering T& is
saturated if and only if S is a saturated description of Kg.

Remark 2.1.11. Scheiderer works with polynomials from R[z] where squares are
usual ones, i.e., p> where p € R[z]. By the same reasoning as in Remark 2.1.8,
Theorem 2.1.10 follows from [Sch03, Theorem 5.17].

For an alternative proof of Theorem 2.1.10 see [KMS05, Theorem 3.2]. Moreover,
we can replace the preordering T4 in Theorem 2.1.10 by the quadratic module M}
by another result of Scheiderer [Sch05, Corollary 4.4].

Theorem 2.1.12 (Scheiderer). Suppose S C R[z| is a finite set such that Kg is
non-empty and compact. Then M& = T&.

Corollary 2.1.13 (Scheiderer). Suppose K is a non-empty compact semialgebraic
set and S C R[z| a finite set such that Kg = K. Then the quadratic module M} is
saturated if and only if S is a saturated description of Kg.

Finally, we focus on matrix generalizations of Theorem 2.1.7. In 2002, Dette and
Studden [DS02] extended Theorem 2.1.9 from polynomials to matrix polynomials
for K = [0, 1] (see [DS02, Theorem 2.5]) and K = [0, 00) (see [DS02, Theorem 5.1]).

Theorem 2.1.14 (Dette, Studden). The quadratic modules MY, ., and M., are
very strongly boundedly saturated for every n € N.

For alternative proofs of Theorem 2.1.14 see [SS12, Theorems 7, 8] and [CZ13,
Proposition 3].

2.2 Compact Positivstellensatz

The main result of this section, Theorem 2.2.1 below, is the extension of Corollary
2.1.13 from polynomials to matrix polynomials.

Theorem 2.2.1 (Compact Positivstellensatz). Suppose K C R is a non-empty
compact semialgebraic set. The n-th matriz quadratic module Mg is saturated for
every n € N if and only if S a saturated description of K.

The main ingredients in the proof of Theorem 2.2.1 are:

(1) Corollary 2.1.13 as the n = 1 case.

(2) The “hF-proposition”, i.e., Proposition 2.2.2 below. The proof consists of the
use of Schur complements and multiplying with the denominators (see [Scm09,
§4.3]). However, one has to ensure that the denominators do not vanish in the
specified complex point xy. This is done by factoring out the highest possible
power of the minimal polynomial m,, of zq over R[z].

(3) Eliminating h in “hF-proposition”. There are two ways to establish this. One
way is presented in [Zall6, §2.2] and is based on the use of another result of
Scheiderer [Sch06, Proposition 2.7]. The other way, which will be presented
below, is based only on the use of points (1) and (2).

13



2.2.1 “hF-proposition”

We call the following result “hF-proposition”.

Proposition 2.2.2 (“hF-proposition”). Suppose K is a non-empty compact semi-
algebraic set in R with a saturated description S. Then, for any hermitian polyno-
mial F' € H,(Clz]) such that F' = 0 on K and every point xy € C, there ezists a
polynomial h € R[x] such that h >0 on K, h(xg) # 0 and hF € Mg.

To prove Proposition 2.2.2 we need Lemmas 2.2.3 and 2.2.4 below.
Lemma 2.2.3. Let G = [gr)ie € M,(Clz]) be a matriz polynomial. For every

k.l € N satisfying 1 < k < ¢ < n there exist unitary matrices Uy, € M,(R) and
Vie € M,,(C) such that

UwGUyy = [p:e . }, VieGVyy = { rif ],

*

where
_ Ikt for1<k=/(<n
Pt %(gke+gek+gkk:+ga), for1<k<i{<n’
- Ikt for1<k=/(<n
. =gk + gon) + (g + gue), for1 <k <l<n’

Proof. We define Uy = Vi1 := I, Ug, = Vi :== P, for k = 2,...,n, where Py
denotes the permutation matrix which permutes the first row and the k-th row.

For 1 < k < ¢ < n, define Uy := P,Sk, where Sy, = (s,(,]ie))pr € M,(R) is the

matrix with s%) = s%) = s%) = \/Li’ 3%) = —\/iﬁ, s,g;f) = 1if p ¢ {k,(} and
s;’i@ = 0 otherwise.

For 1 < k < ¢ < n, define Vjy := P, Sy where Sy = (5;%))107” € M,(C) is the
matrix with §§§f) = E{eiﬁ) = \/LT E{klzﬁ) = \/Lé, Eyf) = —%, §§,’;€) =1if p ¢ {k, ¢} and
éﬁi‘” = 0 otherwise. O

Lemma 2.2.4. For a hermitian matriz polynomial

| e mica,

where a = a* € R[z|, f € My ,,-1(Clz]) and C € H,_1(Cl[z]), it holds that

a B | | a O 1 0 a
| T Ly loec—=pB| |0 I,

Proof. Easy computation. O]

Now we are ready to prove Proposition 2.2.2.
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Proof of Proposition 2.2.2. The proof is by induction on the size n of matrix poly-
nomials. For n = 1, we can take h = 1 by Corollary 2.1.13. Suppose the proposition
holds for n—1. We will prove that it holds for n. Let us take F' := [ fro]xe € H,(C[z])
where F' = 0 on K and let m,, be the minimal polynomial of z, over R|z], i.e.,

xr—1x, ifzgeR

mwo@):{ (z —20)(x —T), ifzg € C\R "

If F =0, then F' € Mg and we can take h = 1. Otherwise F' # 0. Let us factor out
of F' the polynomial m? to the highest possible power ¢ € NU {0}, i.e.,

F=mi -G,
where G' = [gre]re € H,(Clz]) and

G(zo) = [gre(wo)]ke # 0. (2.2.1)

Claim 1. One of the following two cases applies:
Case 1: There exists ky € {1,...,n} such that gg, (o) # 0.

Case 2: For all &k € {1,...,n} we have gg(z9) = 0 and there exist ko, €
{1,...,n} such that ky < ¢y and

Re groro (o) 0 or  Im ggye, (z0) # 0,

where Re gror, = 2001 %0% ¢ Rlz] and Tm gy, = Folo oo ¢ R[z] are the real
and the imaginary part of gi,s,-

Proof of Claim 1. Let us assume that none of the two cases applies. Then we have
Re gre(xo) = Im gre(zo) = 0 for all k, ¢ € {1,...,n} satisfying k£ < ¢. Let us take
¢ < k. Since G is hermitian, it follows that gp = gz = Re gxe — 7 - Im ggs. Therefore
ger(x0) = Re gre(z) — 7 - Im gge(xo) = 0. Hence gge(zo) = 0 for all k,¢ € {1,...,n}.
This is a contradiction with (2.2.1) and proves Claim 1.

Claim 2. There exists a unitary matrix U € M,,(C) such that
G=v-| % P v e H,(Cl)
/6* C n Y
where a = a* € Rlz], f € M;,_1(Clz]), C € H,_1(C[z]) and a(zy) # 0.
Proof of Claim 2. Let Uy, Vie, Pre, Tre be as in Lemma 2.2.3. If we are in Case 1
of Claim 1, then take U = Uy, and notice that pyk, (o) = Groke (o) # 0, which
proves Claim 2. Otherwise we are in Case 2 of Claim 1. If pg.e,(29) # 0, then

we take U = Uy, and Claim 2 follows. Similarly, if 74,4, (z0) # 0, then we take
U = Vi, and Claim 2 follows. Otherwise we must have pgy, (20) = Ty, (o) = 0.
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However, we will prove that this cannot happen. By definition and assumptions it
holds that

1 1
Pkoty (IO) = §<gkofo + Geoko T Ghoko T gfofo)(QJO) = 5(9]%60 + gfoko)<x0> =
= (Re gkofo)(x0> = 07
) 1 7
T'koto (l‘o) = §<_gk0£0 + gfoko)(‘x()) + §(gk0k0 + gfo%)('ro) = 5(_916050 + gfo’m)(xo) =

= (Imgkofo)<w0) =0.

Since we are in Case 2, (Re gryr, )(x0) 7 0 or (Im gg,e, ) (o) # 0 which is a contradic-
tion. This proves Claim 2.

Using Lemma 2.2.4 it follows that

B a 0 1 0 a f .
PN ERN B ESINE B RN IR

Multiplying (2.2.2) by m{_ a we get

QZ'F:U’{BQ* Ino_l]'{méoa 103}[8 Iﬁl]'U*’ (2:2.3)

where

D :=ml a(aC — 3*B) € H,_1(Clx]).

Claim 3. D > 0 on K.
Proof of Claim 3. For x; € K, the inequality

LT maa)(e) (e B)@) ] .
Fln)=U {<mzo ) <mzoo><x1>] vz,

implies that (m a)(z;) > 0. To prove Claim 3 we have to separate two cases.

Case 1: a(zy) # 0. Then [ a(gl) 51(5101) } =: V is invertible and by (2.2.3) we
n—1

have

(miog)(ffl) D((?El) } — (VYU (a® F)(m) - UV = 0.

Thus D(x1) = 0.

Case 2: a(x;) = 0. From a(zg) # 0 it follows that z; # xy. Since z; € R, this also
implies that , # To. Hence m? (1) # 0. From

. B 0 mg, (x1)B(x1)
0= U'F(2,)U = [mgo(m)ﬁ*(wl) mg, (21)C(21) |
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it follows that f(x;) = 0. Therefore D(x;) = 0.

By the induction hypothesis used for the polynomial D € H,_(C[z]), there
exists hy € Rlz| such that hy > 0 on K, hi(xg) # 0 and hy D € Mgf_l. By Corollary
2.1.13, hymd a € M§. Hence hF' € Mg where h := hya® € Rz] and h(xo) # 0. This
concludes the proof of Proposition 2.2.2. ]

Remark 2.2.5. By keeping track on the degree of h and using Theorem 2.1.9,
we can prove more in Proposion 2.2.2 above. Namely, if S = {g1,...,¢s} is the
natural description of K, then h can be chosen of degree at most deg(F")(3" —1) and
hF = Z A7 Ac-g° € Tg for some A, € M, (C[z]) with deg(A?A,-g°) < deg(hF).

ec{0,1}*

2.2.2 Eliminating h

To eliminate h in “hF-proposition”, one can use a result of Scheiderer [Sch06, Propo-
sition 2.7] in the way presented in [Zall6, §2.2]. Here we will see another approach
which is based only on the use of Corollary 2.1.13.

Proof of Theorem 2.2.1. By Corollary 2.1.13, if M} is saturated, then S is a sat-
urated description of K. It remains to proof the implication («). Take F €
Posl((K). We have to prove that ' € Mg. We write S = {¢1,...,9s}. Let
OK be the set of boundary points of K. Since K is non-empty and compact, the set
OK is non-empty. By Proposition 2.2.2, for every xy € 0K, there exists h,, € R[z],
such that h,, > 0 on K, h,(z9) # 0 and h, F € Mg. Therefore, defining the

polynomial
hi= Y hg € R[],
r0€OK
there is a representation
hF = AjAo+ ATA1 g1+ ...+ AL A - gs, (2.2.4)

where A; € M, (C[z]) for i =0,...,s. Multiplying (2.2.4) with h we get
h’F = AjAg-h+ ATAy - hgi + ...+ A%A, - hg,. (2.2.5)
Notice that h? € PosL (R) and h*(zq) > 0 for every zy € K.

Claim. The set S; := {h%g,...,h?g,} is a saturated description of K.

Proof of Claim. We have to check both conditions (a) and (b) in the definition of

a saturated description of K. Let us take a left endpoint x; of K. Since S is a
saturated description of K, there exists k € {1,...,s} such that gi(z;) = 0 and
gi.(z;) > 0. Hence (h?g)(x;) = 0 and

<h29k)/(xj) = (hQ)/(Ij)gk(xj) + hz(xj)gé(xj) = h2(xj)g;(xj) > 0.

This proves the condition (a). Similarly, for every right endpoint y; of K one can
find ¢ € {1,...,s} such that (h%g,)(y;) = 0 and (h%g,)'(y;) < 0. This proves the
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condition (b) and establishes Claim.

Using Corollary 2.1.13 subsequently for h, hg, ..., hgs which are all non-negative
on K, we conclude that h,hgy, ..., hgs € Mg . Using this in (2.2.5) together with

Theorem 2.1.4 to replace sums of the form Z G:G; where G; € M, (C|z]) with G*G
for some G € M, (Clz]), we get i

h’F = B{By + B{By - h*g1 + ... + BB, - h’g,, (2.2.6)
where B; € M, (C[z]) for i =0, ...,s. Rearanging (2.2.6) one obtains

W*(F—BiBy-g1—...— BB, - g,) = B, By. (2.2.7)

/

-~

=F

(2.2.7) implies that F is positive semidefinite on R\ {z € R: h?(z) = 0}. Since the
set {x € R: h%(z) = 0} is finite, F is positive semidefinite on R. By Theorem 2.1.4
there is B € M,,(C[z]) such that F' = B*B and hence

F=BB+BBy -gi+...+ BB, - g, € MZ.

This concludes the proof of Theorem 2.2.1. m

2.3 Non-saturated preorderings

In this section we study if Theorem 2.1.7 in the case K C R is an unbounded closed
semialgebraic set, extends from polynomials to matrix polynomials. By Theorems
2.1.6 and 2.1.14, the extension exists in the case K is an unbounded interval. How-
ever, the main result of this section Theorem 2.3.1 states that for most unbounded
sets K the extension does not exist.

Theorem 2.3.1. Suppose K C R is an unbounded closed semialgebraic set and
Ky, ..., K, its connected components. Let K satisfy either of the following cases:

Case 1: There arei,j € {1,...,r} such that K; and K; have a non-empty inte-
rior, K; is bounded and K; is unbounded.

Case 2: There are r > 3 components where exactly one of them is an unbounded
interval and all the others are points.

Case 3: There are r > 4 components where exactly two of them are unbounded
intervals and all the others are points.

If S C Rx] is a finite set such that Kg = K, then the 2-nd matriz preordering T2
15 not saturated.

It is sufficient to prove Theorem 2.3.1 in the case S is the natural description of
K by the following lemma.
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Lemma 2.3.2. Suppose K C R is an unbounded closed semialgebraic set with the
natural description S. Let Sy C Rlz] be a finite set such that Ks, = K. Then for
every n € N it holds that Tg C T§.

Proof. We write S :={¢1,...,gs} and Sy := {f1,..., fi}. We will prove that every
matrix polynomial F' from T belongs to T. By definition of T3 , F'is of the form

F= Y GG fifi, (2.3.1)

e’e{0,1}¢

where ¢’ := (¢],...,¢}) and Go € M,,(C|[z]). By Theorem 2.1.7, we have
G f e Th

for every € € {0, 1}'. Using this fact together with Theorem 2.1.4 to replace sums of
the form Z G:G; where G; € M, (C[x]) with H*H for some H € M, (C[z]), (2.3.1)

i
can be rewritten in the form

F= Y HH-g" g (2.3.2)

ecq{0,1}s
where e := (ey,...,e5) and H, € M,(C[z]). Hence F' € T§, which concludes the
proof of the lemma. O

Let K be a closed semialgebraic set with a natural description S = {g1, ..., gs}.
For n € N and d € NU {0} we define the set

Tiy=1{ > GiGe-g°: Ge € My(Clz]) and deg(GiG. - g°) < d Ve € {0,1}" ¢,
ec{0,1}s
where e := (ey,...,¢es) and g° stands for gi* - - - g¢*. We call 7§, the degree d part of

the n-th matrix preordering Tg. The following proposition will be the crucial part
in the proof of Theorem 2.3.1.

Proposition 2.3.3. Suppose K = [x1,x5] U [23,00) C R is a disjoint union of a
bounded and an unbounded interval, where v1 < w9 < x3. For k € R, let Fy(x) €
Hy(Clz]) be a matriz polynomial defined by

z+ A(k) D(k)

Fe@) =\ " 50 24 Be+C) |
where
A(k) ==k — x4, C(k) == k* + k(—z1 + 29 + 73) + 1973,
B(k) = =k — 3 — 3, D(k) := /A(E)C (k) + 212215

Let pr(z) € R[z] be a polynomial defined by
pi(z) := 22 + B(k)x + C(k).

The following statements are true:
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Statement 1. For every k > 0 which satisfies

D(k)? = k* + k*(=2x1 + 22 + x3) + k(woxs + T3 — 11T — y23) >0, (2.3.3)

B(k‘) _3 2 To + T3 Lo — T3 \9g

it holds that

Fy(z) € Posl(K).

Statement 2. Suppose k > 0 satisfies the conditions (2.3.3), (2.5.4) and K is a
set of the form

(21, 2] U U[1U2j+17$2j+2] U [T2m43,00) C K,
j=1

where m € NU {0} and
1‘1<ZL‘2<x3§$4<1‘5§$6<---<$2j+1§$2j+2<$2j+3§...<$2m+3.

Then
Fy, € Pos? (K1) \ T2,

where S1 is the natural description of Ky. In particular,
Fy(x) € Posly(K)\ T2,
where S is the natural description of K.

Statement 3. Suppose k > 0 satisfies the conditions (2.3.3), (2.5.4) and K5 is a
set of the form

U{x_z} U (21, 2] U U[I2j+1,l‘2j+2] U [Zom+3,00),

where m',m € NU{0} and
Ty < .00 < X1 <T1 <X <231y <25 <26 <
<< Tojq1 S Tojqe < X943 < < Topgs.
Then /
m
(H(x - IL‘_Z>> - By, € Pos o(K2) \ Tg,,

i=1
where Sy is the natural description of K.

Statement 4. Suppose k > 0 satisfies the conditions (2.3.3), (2.3.4) and K3 is a

set of the form
m+3

[331,1‘2] U U {93]} CK,
j=3
where m € N and 11 < o < 13 < 14 < ... < Xypss. Then
Fy € Pos o(K3) \ T3, 5,

where S3 is the natural description of K.
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Proof. First we will prove Statement 1. Let us choose &k > 0 which satisfies the
conditions (2.3.3), (2.3.4). (Note that every sufficiently large k is a good choice.)
The determinant of F(z) is

(z — 1) (z — 22)(x — x3) € PosLo(K).

The (1,1)-minor of Fy, which is x + A(k), is non-negative for z > x; — k and since

k > 0, it follows that = + A(k) € Pos{y(K). The (2,2)-minor of Fj, which is a

quadratic polynomial py(z) with a minimum in the vertex = = 732(]“), is positive on

R, since k satisfies (2.3.4). In particular, p, € Pos’,(K). Since all principal minors
of Fy(z) are non-negative on K, it follows that Fj(x) € Pos? (K). This proves
Statement 1. -

Now we will prove Statement 2. By definition the natural description S; of K
is the set

S ={z—x,(x— xQZEx — I’g)j, . ,\(x — 1:2m+22£:c — x2m+32}.
g1(z) g2(z) gm+2(z)

Since K; C K and Fj, € Pos? (K), it follows that Fj, € Posy(K;). We will prove
that F(z) ¢ T4 by contradiction. Let us assume that Fj, € T3 . By definition of
T3, Fy, is of the form

Fo= Y GiGe-gi' g, (2.3.5)

ec{0,1}m+2

where € := (eq,...,€emi2) and G, € My(Clz]) for every e € {0,1}™*2. By the
degree comparison of both sides of (2.3.5), there exist matrices G; € M(C) for
7 =0,...,m+ 3, such that

Fk<$€) = (Gll' + GU)*(GliE -+ Go) + G;GQ . (iIZ’ — CE1)+
m+1

+ Z G;+2Gj+2 (T — 95) (2 — T9j41). (2.3.6)

j=1

By observing the monomial 2% on both sides of (2.3.6), it follows in particular that

. [0 o
GGy = [o ko }
for some ko € [0, 1]. Now, (2.3.6) can be rewritten as
0 0 .
Fk(ﬂf) — |: 0 k?() :| : (l’ — 272)(1' — 373) = (G1$ + GQ) (G1$ + G0)+
m+1
+G3Gy - (1 — 1) + Y GryGhsa - (1 — w9) (1 — 22j01). (2.3.7)

j=2

The right-hand side of (2.3.7) belongs to Posf (K U [za, z3]). We will prove that
the left-hand side of (2.3.7), with the determinant

q(z) = (x = z)(x — 23)((x — 21)(1 = ko) — kho)),
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does not belong to Pos (K U [za,25]), which is a contradiction. There are two
cases to consider.

Case 1: ky = 0. Then
¢(z) = (z — 21)(x — 22)(2 — x3) ¢ Poso(K1 U [w2, 23)).
Case 2: ky > 0. Then
q(z1) = (21 — x2) (21 — x3)(—kko) < 0.

In both cases we conclude that

Fi(z) — {8 1?0 } (& — 29)( — 3) & Pos2o (K U [, 3).

Therefore F}, cannot be expressed in the form (2.3.5) and Fy, ¢ T, .
Next we will prove Statement 3. Note that

(H(w — :1:_2)> -Fy, € Pos? (K>),

since Kb C K | Uznzll{:n_,} and Fj, € Posi(K). We will prove that g - F}, ¢ T3,
by contradiction. Let us assume that g - Fj, € Tg . We write Sy := {h1,..., hs}. By
definition of Tgl, g - F}, is of the form

g-Fy= > HjHp-h{"-- bl (2.3.8)
refo1ys

where f:= (f1,..., fs) € {0,1}* and Hy € M,(C[z]) for each f. Note that for each
i€ {l,...,m'} and each f € {0,1}* we have

(9-F)(x—;) =0 and (HjH; hi' - hi*)(z_;) = 0. (2.3.9)
From (2.3.8), (2.3.9) it follows that
(HjHp-hit - hl)(z_;) =0 (2.3.10)
for each ¢ € {1,...,m'} and each f € {0,1}*.

Claim 1. For each f € {0,1}* there exist H} € M(C[z]) and

NS Posl, (Kg \ U{x_z}) ;

i=1

such that

ml

HiHy bt hf = (H(x - xi)) -(H})"H} - 1)

=1
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Proof of Claim 1. By (2.3.10) we know that for each i € {1,...,m'} and each
fe{0,1}°, z —x_; divides HyHy - Wit ... hfs. Therefore 2 — x_; divides H}:Hy or
hit ... his. Note that if z — z_; divides H7Hy, then z — x_; divides already H; and
hence (z — z_;)? divides HjHy. Therefore

’

J
HiHy = ([ —w)?) - (mpemg,  wfonf = (T (0= 2i) Ry,
=1 =j+1
where j € NU {0}, (i, ...,4,) is some permutation of (1,...,m’), ﬁf € My (Clx])
and /l{f € Posl, <K2 \ Uzl{x,z}) Hence

’

~

ity = (T =) - (- (ﬁu — i) By,

i=1 /=1

Then defining a polynomial

Wy = (ﬁ ) hf € Posl, (KQ \ U{a: })

/=1 i=1

proves Claim 1.

Using Claim 1 in (2.3.8), we get

Fe= Y (Hj) Hj- M.
fe{o1}
By Theorem 2.1.7, h'; € Ti where S is the natural description of K, \ Ugl{x,l}

Therefore Fj, € T~ , which is a contradiction with Statement 2. This proves State-
ment 3.

It remains to prove Statement 4. By definition the natural description S3 of K3
is the set

Sy ={{r —x1,(x —z2)(x —23), ..., (T — Tpps2)(® — Tyns3), Timys — T}

Since K3 C K and Fj, € Posi (K), it follows that Fj, € PosZ(K3). We will prove
that Fj, ¢ Tg,, by contradiction. Let us assume that Fj, ¢ T3, ,. By definition of
T§3’2, there are matrices H; € My(C) for j =0,...,m + 2, such that

m-+2

F(x) = (Hyw + Ho)*(Hyx + Ho) + HyHy - (v — 1) + Y Hjy Hyo-
j=2

(=) — i) + HyaHngea - (Tas — @) + Hy s Higs - (20— 1) (B4 — @),

(2.3.11)
From (2.3.11) it follows that

m+2
(File Z il (@ = 25)(0 = 2j41) ) € Posto([e1, 22] U2, 2nss)).

Gla)

(2.3.12)
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Since G(z1) = 0 and G(x2) = 0, it follows that for j = 3,...,m + 2 we have

ker Fj.(v1) C ker(H;, Hjy1) and  ker Fy(ry) C ker(H

CoHi). o (2.3.13)

Claim 2. ker Fy(x;) + ker Fy,(z5) = C2.

Proof of Claim 2. Note that

k D(k)

- 172—I1+k3 D(k))
Film) = [D(k) play)

D(k)  p(x3)

By the proof of Statement 1, we know that Fy(x;) is singular for ¢ = 1,2. Since
Fy(z;) # 0 for i = 1,2, it follows that dim(ker Fy(z;)) = 1 for i = 1,2. If [a,b]T €
ker Fy(x1) N ker Fi(x2), then in particular

1 and  Fy(ws) =

ak = —D(k)b = a(xe — x1 + k).

Since k > 0 and x5 — 21 + k > 0, it follows that a = 0. Since D(k) > 0, this also
implies b = 0. Hence ker Fy(x1) N ker Fi(z3) = {0}. Therefore dim(ker Fy(x1) +
ker Fi(z2)) = 2 and Claim 2 follows.

Using (2.3.13) and Claim 2, we conclude that H} H;,, =0for j =3,... ,m+2.
Hence (2.3.11) becomes

(& —xo)(r —w3) + Hyy g Hia - (Timgs — ) + Hyy s Hiys - (2 — 21) (g3 — @),

Therefore

(Fk(:z:) — HiH;3 - (v — x5) (2 — $3j)) € Poszio([xl,xmﬁ]).

-~

For i = 1,2,3, Fy(x;) being singular and
(H3Hs - (z — x3)(z — 23))(2i) = 0,
implies that H(x;) is also singular. Therefore det H(x) is divisible by
(x — x1)(x — z2) (2 — x3).

Since det H(x) is non-negative on the interval [z, x,, 3], which contains xs and z3 in
the interior, it follows that x5 and x3 must be zeroes of even degree. Since det H(x)
is a polynomial of degree at most 4 divisible by H?Zl(x — x;) this is possible only if
det H(z) = 0. But this is not the case by Claim 3 below, which leads to a contra-
diction. Therefore Fy ¢ TZ, ,.

Claim 3. det H(z) # 0.

Proof of Claim 3. Since H(xy) = 0, it follows that

{0} # ker Fi(z1) C ker(H; Hs).
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Since the matrices Fi(z1) # 0 and Hj Hy are hermitian of size 2, we conclude that

A1 O

0 0

Fi(z)) = U[ 2o

}U* and HiHs = U{ Az 0 ]U*,
where U € M,(C) is a unitary matrix and Ay > 0, Ay > 0. Therefore

Let us write H(z) = Az® + Bx + C, where A, B,C € M,(C). Using (2.3.14) we get

that R
100 2

If Ay = 0, then H(z) = Fi(z), which is not possible since H(z) € Posiy([z1, Zm+s3])
and F,(z) ¢ Poso([z1, Timy3]). Otherwise Ay > 0 and
)\2 )\2 /\2
det A== (= -detF —k)=——"-k#0.
DY <A1 cthin) > N7
Writing det H(z) = Y1, a;a’ for some a; € R, we observe that ay = det A # 0,
which proves Claim 3. O]

Now we are ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. By Lemma 2.3.2, we may assume that S is the natural
description of K. We will construct a polynomial F € Pos?,(K) such that F ¢ T2.
We will do this for each case of Theorem 2.3.1 separately.

First let us assume that K satisfies Case 1 of Theorem 2.3.1. We separate three
subcases.

Case 1.1: K is bounded from below and unbounded from above. Note that K is of
the form of some K5 in the Statement 3 of Proposition 2.3.3. Hence there exists
F € Posi o(K) \ T2.

Case 1.2: K is unbounded from below and bounded from above. Applying a sub-
stitution x — —x, observe that the set —K is of the form of Case 1.1 and that the
natural description of K maps to the natural description of —K. Hence Case 1.2
follows from Case 1.1.

Case 1.3: K s unbounded from below and above. Let d € R be the smallest
endpoint of K. Define the map Aq : R\ {d} = R by Ag(x) := 7. Observe that
Ai(K) =: K’ is the set of the form

m

U{l'—i} U (21, 2] U U[$2j+1,$2j+2] U [T2m3, 00),

j=1
where m/,m € NU {0} and

Ty < . < T 1 <21 <Ty <232y <25 <26 <

< ... <2541 < Toj4+2 < T2j+3 <...< Tom+3-
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Let S” be the natural description of \y(K'). By the Statement 3 of Proposition 2.3.3
there exists a polynomial G € Pos? j(Aq(K)) \ T%. Then

eg 1
F(z) = 22577 G(d - —) € Pos?(K),

x
and F(z) ¢ T2, since otherwise G(x) = (d — x)QfdegT@] F(;&) €T3,

It remains to prove Cases 2 and 3 of Theorem 2.3.1. The proof of both cases is
the same. Suppose K satisfies Case 2 or 3. Let d € R\ K be an arbitrary point.
Define the map Ay : R\ {d} — R by Ay (z) := 7—. Observe that Ay (K) is the set

of the form .
[21, 2] U U{xj}
j=3

where m > 4 and the points x; are pairwise different. Further on, we may choose
d € R such that

1 <T2<23<...<ZTy, O Ty < Tpp—1 <...<T3<T1 < To.

By substitution x — —zx, we may assume that 1 < 1o < 23 < ... < x,,. Let S”
be the natural description of Ay (K). By the Statement 4 of Proposition 2.3.3 there
exists a polynomial G’ € Pos?(A¢(K)) \ T, 5. Then

T

F'(z) =2*-G <d/ — l) € Pos(K),

and F'(x) ¢ T3, since otherwise G'(z) = (d' — x)* - F(37=) € T4 ,. This concludes

d—z

the proof. n

2.4 Boundedly saturated preorderings

In this section we study when a saturated matrix preordering is (very strongly)
boundedly saturated. We prove that if a semialgebraic set is a disjoint union of two
unbounded intervals, then the matrix preordering generated by the natural descrip-
tion is very strongly boundedly saturated; see Theorem 2.4.2. We also prove that
for a finite semialgebraic set K, the matrix preordering generated by the natural
description is boundedly saturated with the degrees bounded by the maximum be-
tween the degree of the matrix polynomial and one less than the number of points
in K, but if there are at least 4 points in K, then the matrix preordering is not very
strongly boundedly saturated; see Corollary 2.4.4 and Example 2.4.5.

By the following lemma, it suffices to assume that S is the natural description
of a given closed semialgebraic set K C R when studying if the matrix preordering
T¢ is (very strongly) boundedly saturated.

Lemma 2.4.1. Suppose K C R is a non-empty closed semialgebraic set with the
natural description S. Let Sy C R[z] be a finite set such that Kg, = K and n € N.
If T% is not (very strongly) boundedly saturated, then T§ is not (very strongly)
boundedly saturated.
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Proof. Assume the notation from the proof of Lemma 2.3.2. Suppose F' € Tg has
a representation (2.3.1) with
= d G*/Gel . 6/1 . 62
m = max, (deg(GLGe - fi - ;"))
Since the preordering T4 is very strongly boundedly saturated by Theorem 2.1.9,
there is a representation (2.3.2) such that
m = ma deg(H'H, - g7*---g7°)).
max. (deg(H:H. - g ---g;"))

This concludes the proof of the lemma. O

If a semialgebraic set is a disjoint union of two unbounded intervals, then the
matrix preordering generated by the natural description is very strongly boundedly
saturated by the following.

Theorem 2.4.2. Suppose K = (—o0, a]U[b, 00) is a disjoint union of two unbounded
intervals where a,b € R and a < b. The preordering T{”(x_a)(x_b)} 15 very strongly
boundedly saturated for every n € N.

Proof. By a linear change of variables we may assume that a = —1 and b = 1.
Suppose F' € POSQO(K ). We will prove that there is a representation of F' as an
element of 77, , with the degrees of the summands bounded by deg(F). Observe
that deg(F) is even. Let Fy € H,(Clz]) be the matrix polynomial defined by

1

Fi(x) = a8 F(—) € H,(C[z)).

x
We have that Fy = 0 on [—1,1]. By Theorem 2.1.14 there exist matrix polynomials
Go, G1,Gs, G5 € M, (C[z]) such that

Fi(z) = Go(2)"Go(x) + G1(x)"G1(z) - (x + 1) + Ga(x) " Go(z) - (1 — x)+
+ Ga(2) " Ga(x) - (1 — 2?),

and their degrees are bounded by

deg(Gy) < degéFl)J < degQ(F),
deg(G;) < %J < {deg(];) - 1J - deg;F) 1 fori=1,2,
) < |2 o [y _dnlr)
2 2 2
Therefore

r)*Gs(z) (2 — 1), (2.4.1)
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where the matrix polynomials ég, él, éz, Gs € M, (Cl[z]) are defined by

~ eg ]. =~ cell) 1
GO = ,I'dT(F) . GU (—) a,nd GZ = md 2(F>71 . GZ <_> for 1= 17 27 37

i T

and their degrees are bounded by

~deg(F
deg(Go) < eg2( ),
- F
deg(G) < 38E) 1 pori10s
By the identity
D1y

5 :
the equality (2.4.1) can be rewritten as
F(x) = (Golw)'Go(a) + Ca(a) Gr () u Y Ge) Ga() > D)+
+ (Gala) Cala) + él(x)*él(x)% + ég(x)*@(x)%) (22— 1),
= Hy(z) + Hy(z)(2* — 1), (2.4.2)

where Hy, H, € H,(Cl[z]) are positive semidefinite on R and
deg(Hp) < deg(F) and deg(H;) < deg(F) — 2.
By Theorem 2.1.4 there are matrix polynomials Hy, Hy € M, (C[z]) such that

. ~ deg(H;
H = B8, and deg(d) — 28U

fori=0,1.

Plugging this into (2.4.2) we get the representation of F' as an element of T{’;Ll}

with the degrees of the summands bounded by deg(F). O

Let K C R be a semialgebraic set and S := {¢1,...,9s} C R[z] a finite set with
K = Kg. Recall that for d € NU {0} the degree d part of the n-th preordering T¢
is defined by

Ti,=3 Y  GiGe-g°: G € M,(Clz]) and deg(GiG. - g°) <d Ve € {0,1}" 5,
ec{0,1}s
where e := (e1,...,¢es) and g stand for g = 7' - - - g&°.

Proposition 2.4.3. Suppose K = U{x]} C R is a disjoint union of points with
j=1
the natural description S where m € N. For everyn € N, if F' € Posl((K), then
FeTg,,

where k := max(deg(F'),m — 1).
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Proof. Assume that F' € Pos?,(K). If we divide every entry of F' with [[7", (v —x;),

we get
m

F(z) = H(w — ;) G(z) + R(z),

j=1

where G(z), R(x) € M, (C|z]) and deg(R) < m. Expanding every entry of R(x) in

the basis
[z — )
{fk(ac) ::%ERM: k=1,...,mp,

leads to . .

H x— ;) )+ > (=1 fix) - Fy, (2.4.3)

j=1 k=1
where ¢, € {0,1} is such that (—1)%f, € Posi((K), and Fj, € M,(C). Since
F € Posly(K), it follows that (—1)% fi(xy) - Fp = ( k) = 0 for each k. In

particular, Fj, = 0. Write G(z) in the form
G(z) =Gy (x2) + -Gy (Jc2), (2.4.4)
where G, Gy € M, (C[z]) and
2deg(Gh) < deg(G) and 2deg(Gs) < deg(G) — 1. (2.4.5)
Using the identity

Lo A+D A+ (A-1(A-1)

4 4

for the matrix coefficients of G;, j = 1,2, note that G;(z?) can be written as

$2) = Z Gjo(x) Gy Z Giv(x) G (x), (2.4.6)
l

where G, G € M,,(Clz]) and
deg(Gje), deg(Gjpr) < deg(Gj). (2.4.7)

By Theorem 2.1.9, we have that

m

()% fr € Tg,y, +][[(@—2y) € TS, H T — 1) € Ty (2.4.8)

j=1
Using (2.4.3)-(2.4.8), we conclude that F' € Tg, where k := max(deg(F),m—1). O

Corollary 2.4.4. Suppose K C R is a disjoint union of m points with the natural
description S. For every n € N the following are true:

(1) The preordering TS is boundedly saturated.

(2) If m < 3, then the preordering T§ is very strongly boundedly saturated.
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Proof. Part 1 follows directly from Proposition 2.4.3. Let us prove part 2. We sep-
arate three cases.

Case 1: m = 1. The statement follows by Proposition 2.4.3.

Case 2: m = 2. Let F' € Posl((K). If deg(F) = 0, then F' = G*G for some
G € M,(C). Hence, F' € Tg,. Otherwise, deg(F') > 1 and F € T§ geg(ry Py Propo-
sition 2.4.3. Hence, T¢ is very strongly boundedly saturated for every n € N.

Case 3: m = 3. Write K = {x1, 25,23} with 21,29, 23 € R and x; < 25 < z3.
Let F' € Posl((K). If deg(F) = 0, then F = G*G for some G € M,(C). Hence,
F e Tg,. If deg(F) = 1, then by the convexity of the set {z € R: F(z) > 0}, it
follows that F' € Posl([z1,z3]). By Theorem 2.1.14, F' is of the form

FyFo+ FYF - (x —xp) + F5 Fy - (23 — ),

where Fy, Fy, Fy € M,(C). Hence, F' € Tg,. Finally, if deg(F) > 2, then F €

Ty deg(F) by Proposition 2.4.3. Hence T¢ is very strongly boundedly saturated for

every n € N. O]
Part 2 of Corollary 2.4.4 does not extend to m > 3 by the following example.

Example 2.4.5. Suppose K = {x1, 9, x3, 24} is a four element set, where 1 < x5 <
xg < x4. For j, 0 =1,2,3,4, we define the polynomials e;o(x) := (v — z;)(z — zy).
Fix k£ € R and define the matrix polynomial

Fk(x) = Ak . 612(%’) + Bk . 623(.77) + Ck . 634(1’) c HQ((C[QJ]),
where the matrices Ay, By, C} are the following

Ak:(m—xg)-{;; 152:| Bkz(wl—m)-H H Ck:(f‘f?_xl)'{k 1

The following statements are true:
(1) Fy, € Pos}o(K) for k > 1.
(2) F), € T2 for k> 1.

(3) Fy ¢ T2, for k ¢ (1, , /%)

Proof. First we calculate
Fi(a1) = (w =) (@3 —2)(ma —a) |

Fiy(22) = (z2 — 21) (23 — 2) (24 — 22)

k

Fi(z3) = (23 — 11) (23 — 72) (204 — 73) llf ;fz } :
0
0

Fi(z4) = (24 — 21)(24 — 22) (204 — 73)
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Note that for k > 1, Fj(z;) > 0 for j = 1,2, 3,4. This proves that Fj, € POS%O(K).
By Theorem 2.2.1 we conclude that Fy € T2 for k > 1. It remains to prove that

Fy, ¢ T3, for every k € (1, ,/2=2). We assume on contrary that Fj € T, for some

ke (1, \ /%) Then we can write Fj, in the form

Fi(z) = A"A-ep(x) + B*'B - eg3(x) + C*C - ega(x) + D™D - (—e14(2)) + G(2)*"G(2)
2.

where A, B,C, D € M5(C) and G(z) = Gz + Gy with Gy, Gy € M(C). From

F($2) =C*C - 634(272) + D*D - (—614(332)) + G(.’I?Q)*G(Jfg),
F(l’g) =A"A- 612([L’3) + D*D - (—614(1'3)) + G(J}?,)*G(xg),

it follows that
ker F'(z2) Cker D*D and ker F/(z3) C ker D*D. (2.4.10)
Claim. ker F'(x5) + ker F(z3) = C2.

Since the matrix

F(x3) F(x3) :[k2+1 2k }

(2 — 11) (23 — 72) (71 — 72) | (@3 — 71) (@3 — 72) (71 — 73) % K2+1

is invertible for £ > 1 (the determinant is (k — 1)2(k + 1)?), it follows that
Ran F(z5) + Ran F(x3) = C?,

and hence also ker F(z) + ker F'(z3) = C%.

From (2.4.10) and Claim it follows that D*D = 0. Comparing the leading
coefficients of both sides of (2.4.9) we get

A+ B+ Cy=A"A+ B*B+ C*C + G|Gh. (2.4.11)

The right hand side of (2.4.11) is positive semidefinite, while the left hand side is
not, since the (11)-minor equals to

r3 — X
]{Z2<J]2—ZL‘1)+JZ1—I3< 3 !

(J]Q—Il)—i‘l’l—l’g:o.
To — T

This is a contradiction, which proves that Fj, ¢ T;Q for every k € (1, A /%) ]

2.5 Matrix Laurent polynomials

The main result of this section, Theorem 2.5.4 below, is the extension of Theorem
2.1.3 to an arbitrary closed semialgebraic set £ C T. By connecting semialgebraic
sets in T with compact semialgebraic sets in R and matrix Laurent polynomials
M, (C[z,1]) with complex matrix polynomials M, (C[z]) (see Subsection 2.5.1 be-
low), we are able to use Theorem 2.2.1 in the proof of Theorem 2.5.4. However,
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since matrix quadratic modules in Theorem 2.2.1 are not very strongly boundedly
saturated, we can only establish the analog of “hF-proposition” (recall Proposition
2.2.2) for matrix Laurent polynomials (see Proposition 2.5.5 below). To eliminate
the denominators we use a result of Scheiderer [Sch06, Proposition 2.7].

The closed semialgebraic set associated to a finite subset S = {by,...,bs} of
hermitian Laurent polynomials H;(C|z, 1]) is given by

Hs={2€T:bj(2)>0,j=1,...,s}.
The n-th matriz quadratic module generated by S in H,(Clz, 1]) is defined by
s ={AjAo+ ATA; b1+ ...+ ALA; - byt Aj € M, (Clz]) for j =0,...,s}.

Let Posl,(.#5s) stand for the set of all n x n hermitian matrix polynomials from
]I-]In((C[z,E]) which are positive semidefinite in every point of J#s. We call the set
s saturated if M = Posl;(Hs). The degree of a hermitian matrix Laurent

N
1
polynomial A(z) = Z A2 € H,(Clz, ;]) is N it Ay # 0. If every A € MY
m=—N

S
from a saturated quadratic module M’ has a representation of the form Z ATA;-b;
i=0
with

o deg(AfA;-b;) <deg(A) for every i =0,...,s, then M2 is called very strongly
boundedly saturated,

o deg(AfA;-b;) < f(deg(A)) for every i =0,...,s, where f : NU{0} — NU{0}
is some map, then MY is called boundedly saturated.

The analog of the saturated description of a compact semialgebraic set K C R
for semialgebraic sets in T is the following. Let # C T be a semialgebraic set.
Then the set S := {by,...,bs} C Hy (C [Z, %D is a saturated description of J¢ , if the
following conditions hold:

(a) A = Hs.

(b) For every boundary point a € #°, which is not isolated, there exists k €
{1,...,s}, such that by(a) = 0 and 2 (a) # 0.

(c) For every isolated point a € J, there exist k, ¢ € {1,...,s}, such that b(a) =

be(a) =0, 2:(a) # 0,2%(a) # 0 and byb, < 0 on some neighborhood of a.

2.5.1 Connections

In this subsection we connect closed semialgebraic sets in T with compact semial-
gebraic sets in R and matrix Laurent polynomials M, (C|[z, 1]) with complex matrix
polynomials M, (Clz]). Every closed semialgebraic set .#° C T maps under some
Mébius transformations A to a compact semialgebraic set A\(#) C R and every
Laurent matrix polynomial A € Posl,(-#") maps under the substitution of variables

to a complex matrix polynomial F’ E_POS;_LO()\(%/ )). Below we will make this precise.
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Mo6bius transformations

Restrictions to R U {cc} of Mdbius transformations that map R U {cco} bijectively
into T are exactly the maps of the form

Ao - RU{o0} = T, Ay () := Zo$ — Wy

T — Wy

where zg € T and wy € C\ R are arbitrary by Lemma 2.5.1 below. It is easy to
check that their inverses are
_ ZWo — ZpWo
Azo wo ']T — R U {OO} )\ZOI’wO(Z) = ﬁ
Lemma 2.5.1. Let A be a Mébius transformation that maps R U {oc} bijectively
into T. Then Arugeo} s of the form

T — Wy

T = 2 where zg € T and wy € C\R. (2.5.1)

T — Wy
Conversely, every map of the form (2.5.1) maps R U {oo} bijectively into T.
Proof. We know that every Mcbius transformation A is of the form

az—i—b_az—l—g
cz+d c;:—i—%7

A(z) =

where a,b,c,d € C and ad — be # 0. Assume that A(RU {oco}) = T. From /\(O) eT
it follows that % € T and from A(co) € T it follows that ¢ € T. Hence also 2<¢ € T
which implies that ry o= |9| ‘d| From A(1) € T and € T it follows that

‘1 + b‘ = ‘1 + d| Let K(a + ib, R) stand for the circle i in C with the center in
a + tb € C, a,b € R, and radius R. By the above we have

b d : , _
{14‘5,14-2} CIC(1+2-O,r1)ﬂ/C(O+z-O,r2) = {w, w}

where w € C. Therefore % = %l or g = g. If g = %, then ad — bc = 0 which is not
true. Hence g = %. Defining wq := —%, proves that A|rufeoy is of the form (2.5.1).
The converse is clear by checking that 0, 1, co map to T under every map of the

form (2.5.1) and this precisely determines a Mobius transformation. O

Associating a closed semialgebraic set 7 C T with a compact semialge-
braic set K, ,, C R

Let 2 C T be a proper non- empty closed semialgebraic set. Fix zop € T\ # and
wo € C\ R. Mapping ¢ with A\_! we get a compact semialgebraic set

20,Wo

Koo = M e () C R,

20,Wo -
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Associating a matrix Laurent polynomial A(z) € Pos?;(.#") with a matrix
polynomial I, ,, A(7) € Posl (K )

Let A(z) be a matrix Laurent polynomial from the set Posl,(.#"). Note that a
matrix polynomial I, ,, a(z) defined by

(x —wy) (z — wy

Fasoa(e) = (L) 4o

_ (l—_w|>>” A (@),

2- Im(wo

where Im(wy) is the imaginary part of wy, belongs to Posy (K>, ,). Note that the
degree of I',, 4,.4(7) is at most 2deg(A). We also have

Az) = (2 = 20)"(z = 20)) " - Toguna (A (2))
2deg(d) on,wo,A<A_1 (Z))

= ’Z - Z()l 20,W0

Connection between saturated descriptions of % C T and K, ,, C R

Proposition 2.5.2. Suppose & C T is a proper non-empty semialgebraic set with
a saturated description S = {by,...,bs}. Fiz zo € T\ A . The set

S = AT wobrs - - L wob, }
is a saturated description of the set K, o = A1, ().

20,W0

To prove Proposition 2.5.2 we need the following lemma.

Lemma 2.5.3. Let b(z) € Hi(C|z, 2]) be a hermitian Laurent polynomial with zeroes
21, %degq) € C. Fiz 29 € T such that b(z) # 0 and wy € C\ R. Then
I oo n(7) € Rlz] is a polynomial with zeroes

>\27017’w0 (21), e )\Ziol,wo (22 deg(g))

and the associated semialgebraic set

KFZOs“’Osb - )\Z_olywo <‘){{b})

Proof. First we will prove that I, ,, () is hermitian, i.e., real. By definition,

Loy () = (<%>2deg(w . b()\zo,wo(l')))*

|z — wp| \2des(®) .
= (W(woo)) +b(Azg o (7))

m b()‘zo,wo (.13)) = on,wo,b($),

where we used that b is a hermitian Laurent polynomial in the third equality. Write
k = deg(b). The polynomial b factors as

2k

b(z) = c- [z (= — =)

ok

Y
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where ¢ € C. Then

_ (I—UJO)*@—U}O) . .
o) = ( ( ) Dy () (25.2)

Im 'lU(])
B (z — wo)*(z — wp) \" . H?L(ZO'P&—%)
4. Im(wo (ZO . @)k
T—W0

- e T

=1

Since by assumption b(z) # 0, it follows that A, (z:) € R and T p(2) is a

well-defined real polynomial of degree 2k with zeroes A, () for i = 1,...,2k.
Equality (2.5.2) implies that

on,wo,b(x) >0 < b<)‘zo wo( )) >0 < >‘Zo,w0 (ZE) € <%/{b}
& x € AZO wo (H1v})

This proves Lemma 2.5.3. ]
Now we will prove Proposition 2.5.2.

Proof of Proposition 2.5.2. We have to prove that K, ., = A ', (K) is compact

20,Wo0

and check all conditions in the definition of a saturated description of K ..

(a) Kuw, s compact.
Since A\ 1, (z9) = oo, (a) follows from zy ¢ ¥ .

20,W0

(b) For every left endpoint a € K, ., there exist g € S such that g(a) = 0 and
g'(a) > 0.
We separate two subcases.

Subcase 1: a is not isolated. The point A\, ., (a) € J# is a boundary point,
which is not isolated, Since § is a saturated description of JZ°, thereis b € §
such that b(A.yu,(a)) = 0 and L(X,) ., (a)) # 0. In particular, A, ., (a) is a
simple zero of b. By Lemma 2.5.3, a is a simple zero of I'; ,,,» € S. Since a is
a left endpoint of K ., which is not isolated, I", (a) > 0.

20,W0,b

Subcase 2: a is isolated. The point A, ., (a) € # is isolated. Since S is a
saturated description of J#°, there are b, c € S such that

b(Azpuwo (@) = c(Azg (@) =0, %( 200 (@)) # 0, %()‘Zo,wo (a)) #0

and
bc <0 on some neighbourhood of A, ., (a).

In particular, A, ., (a) is a simple zero of both b and ¢. By Lemma 2.5.3,
a is a simple zero of I',) yop € S and 'y e € S, and Ty wen - agwge < 0

on some neighbourhood of a. Hence one of I", , (a ) and I", . .(a)is positive.
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(c) For every right endpoint a € K, ., there exist g € S such that g(a) = 0 and
g'(a) <0.

The proof is analogous to the proof of (b).

This concludes the proof of Proposition 2.5.2. O]

2.5.2 Saturated matrix quadratic modules

In this subsection we extend Theorem 2.1.3 to an arbitrary closed semialgebraic set

a2 CT.

Theorem 2.5.4. Suppose % C T is a non-empty closed semialgebraic set. If S is a
saturated description of £, then the n-th matriz quadratic module MY is saturated
for every n € N.

Let by := 1. For a finite set S = {by, ..., b} C H(C[z,]) we define the bounded
part M, of the n-th matrix quadratic module M3 by

5p= {A = Z B!B; - b;: B; € M,,(C[z]) and deg(B;B; - b;) < deg(A) Vi}.

1=0

In the proof of Theorem 2.5.4 we need the following analog of “hF-proposition”
for matrix Laurent polynomials.

Proposition 2.5.5. Suppose £ is a proper non-empty basic closed semialgebraic
set in T with a saturated description of S = {by,...,bs}. Then, for any hermitian
matriz Laurent polynomial A € H,(C|z, %]) such that A = 0 on & and every point

2 € T\ A, there exists k., € NU{0} such that |z — 2| - A e M,
Proof. Let us take A »= 0 on J# and a point zp € T\ J#. Fix wy € C\ R. Let

K.owo C R and ' we,4(7) € Posly(K.w,) be defined as in Subsection 2.5.1. Since
2o ¢ A, it follows that K, ,, is compact. By Proposition 2.5.2, the set

S = {onﬂvo,blv St 7F207w0,bs}

is a saturated descripiton of K, ,,. Let us define by = 1 € R[z]. Then I, 6, = 1.
By Theorem 2.2.1,

S
FZOJUO,A(JE) = Z GTGz : Fz07w07bi € Mg,
=0

where G; € M,,(C|z]) for each i. Then for
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we have

|z = 2™ - A(2) = |2 = 2ol E T Ty a (00, (2))

_ |Z N ZO|2-deg( +2k <Z G*G on wo.bi ) (>‘201w0( ))
1=0
= 312 = 2l O (GG Ty A3 (2)))
=0
_ Z |Z . ZO|2 deg(A)+2k—2deg(b (G*G )( ;Olwo(z)) . bZ<Z) c Mg,ba
1=0

where we used the estimate
2 - deg(A) + 2k — 2deg(b;) > deg(G;G;)
in the last equality. This concludes the proof of the proposition. O

The following result of Scheiderer [Sch06, Proposition 2.7] will be essentially used
in the proof of Theorem 2.5.4 to eliminate denominators from Proposition 2.5.5.

Proposition 2.5.6 (Scheiderer). Suppose R is a commutative ring with 1 and Q C
R. Let & : R — C(K,R) be a ring homomorphism, where K is a topological space
which is compact and Hausdorff. Suppose ®(R) separates points in K. Suppose
fi,---, fr € R are such that ®(f;) > 0 on K for each j and the ideal I = (f1,..., fr)
equals to R. Then there exist s1,...,s, € R such that s1fi + ...+ spfr = 1 and
O (s;) > 0 on K for each j.

Now we are ready to prove Theorem 2.5.4.

Proof of Theorem 2.5./. Suppose S is a saturated description of J#. We will prove
that the set M2 is saturated for every n € N. Let ® : H,(C[z,1]) — C(T,R) be
the natural map, i.e., ®(a) = a|r. The map & is a ring homomorphism and T is a
compact Hausdorff topological space.

Claim 1. ®(H,(Cl[z, 1])) separates points in T.

Proof of Claim 1. Define Laurent polynomials a;(z) = % + z € H;(C[z,]) and
az(z) = i(2 — 2) € Hi(C[z,1]). For 21 € T, 2, € T we have
ai(z1) = az(22) & l+Z1 = l—1—,7:2 & L+4 = L+2
21 29 Z1 22
& (1+2)n=04+2)z & 20—z =222 —2)
& 2o € {21,2_1}.

So a; separates all non-conjugate pairs z1, zo. Similarly,
CLQ(Zl) = CLQ(ZQ) -~ 2122(22 — Zl> =21 — %2 & 2 € {Zl, _Z_l}

So as separates all conjugate pairs 21, z5. This proves Claim 1.
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Let A € Posl(#"). We will prove that A € M%. We define the ideal I" in
C[z, ﬂ by

/ * 1 * n 1
I' = <bb€H1((C[z,;]):b€(C[z] andbb-A€M3>§(C[z,;].

Claim 2. ' = C[z, %]
Proof of Claim 2. Maximal ideals in C [z, ﬂ are precisely (z—w), where w € C\ {0}.
By Proposition 2.5.5, for every w € C\ {0} there exists b € Cl[z], such that
(b*b)(w) # 0 and b*b - A € M%. Therefore I' Z (z — w) for every w € C\ {0}
and hence I' = Clz, 1].

Now we define the ideal I in H,(Cl[z, 1]) by
1
-1

1
1={rbe m(Cl Z):beClz]and - A e M) € Hy(C[z, -

Claim 3. I = H,(C[z, 1]).

Proof of Claim 3. By Claim 2, I’ = (C[z —] From this fact and since I’ is finitely
generated, there exist by,...,b, € C[z] and ¢q,..., ¢ € (C[z, ;} such that

bibj- A€ Mg foreach j and ZCj(b;bj) =1

j=1

This implies that Z c;(b3b;) = 1 and hence,
j=1

*

Eocite
> . (b)) =1€ I

Jj=1

This proves Claim 3.

Now we use Proposition 2.5.6 for the ring R = H,(C[z, 1]), the homomorphism
® : Hy(C|z,2]) = C(T,R) and the ideal I (which is finitely generated) and obtain
di,...,dn € Posl,(T), such that

> di(bib) =1 and bihA € M.

j=1
Since each d; equals to cijczj for some d; € C[z] by Theorem 2.1.3, it follows that

d;(bib;A) = did;(b3b;A) € did; - Me € M.

Therefore . .
A= (dibibj) A=) " d;(bih;A) € M,
j=1 j=1
which concludes the proof of Theorem 2.5.4. O]
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2.6 Positivstellensatz on unbounded sets

By the results of Section 2.3, for almost every unbounded set K there are matrix
polynomials positive semidefinite on K that do not belong to a matrix preordering
generated by any finite set S with K = Kg. The main result of this section, The-
orem 2.6.1 below, is Positivstellensatz for matrix polynomials positive semidefinite
on unbounded closed semialgebraic sets. By connecting semialgebraic sets in K
with semialgebraic sets in T and complex matrix polynomials M, (Clz]) with matrix
Laurent polynomials M, (C[z,1]) (see Subsection 2.6.1 below), we will be able to
use Theorem 2.5.4 in the proof of Theorem 2.6.1.

Theorem 2.6.1 (Non-compact Positivstellensatz). Suppose K C R is a proper
unbounded closed semialgebraic set and S the natural description of K. Then, for
any hermitian matriz polynomial F' € H,(Cl[z]), the following are equivalent:

(1) F € Posly(K).
(2) For every point w € C\ K there exists k,, € NU{0} such that

|z — w|2k“’ -F e Mg.

(3) There exists k € NU {0} such that

(1+23)% Fe Mz

(4) For every natural number p € N there exists a polynomial h € Pos! j(R) and
a matriz polynomial G € Mg such that

hF = F% + G € ML

Remark 2.6.2. The characterization of Posl,(K) in the case of multivariate real
matrix polynomials is [Cim12, Theorem B]. The improvement of [Cim12, Theorem
B] in the univariate case is the fact, that h in Theorem 2.6.1 (4) above can be taken
from R[z] instead of M, (R[z]) and that we can take M instead of T¥.

To prove Theorem 2.6.1 we first establish the connection between semialgebraic
sets in K with semialgebraic sets in T and complex matrix polynomials M, (C[z])
with matrix Laurent polynomials M, (Clz, 1]), which is the contents of the next
subsection. Recall that the reverse direction was given in Subsection 2.5.1 above.

2.6.1 Reverse connections

In this subsection we connect closed semialgebraic sets in R with closed semial-
gebraic sets in T and complex matrix polynomials M, (C[z]) with matrix Laurent
polynomials M, (C[z, 1]). Every closed semialgebraic set K C R maps under some
Mébius transformations A to a closed semialgebraic set A\(K) C T and every com-
plex matrix polynomial F' € Posl (K ) maps under the substitution of variables to
a matrix Laurent polynomial A € Pos? (\(K)). Below we will make this precise.
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Mo6bius transformations

Recall from Subsection 2.5.1 that the restriction to RU{oco} of M&bius transforma-
tions that map R U {oo} bijectively into T are exactly the maps of the form

Mg | RU{00} = T, Ay (2) 1= 20—

T — Wy
where zy € T and wy € C \ R are arbitrary. Their inverses are

2Wo — ZoWo

Aoy i T RU{oo}, AL, (2) = p——

Associating a closed semialgebraic set K C R with a semialgebraic set
Hopwy C T

Let K C R be a closed semialgebraic set. Fix zy € T\ # and wy € C\ R. Mapping
K with A, ,, and taking a closure we get a closed semialgebraic set

‘%/Zoﬂﬂo = /\Zo7wo(K) CT.
Associating a matrix polynomial F'(z) € Posl,(K) with a matrix Laurent
polynomial A ., r(2) € Posl (42 w,)

Let F'(z) be a matrix polynomial from the set Pos{ (/). Note that a matrix Laurent
polynomial A, ., r(%) defined by

Ay (2) 1= (2 = 20)" (2 — 2)) [ 571 P (A2, (2))
T PN (7)), (2.6.1)

where [-] is the ceiling function, belongs to Posl (., w,). Note that the degree of

Ay, (2) is at most {degT(F)] We also have

_(@=m)(e —w)\ T )
Plo) = (U 0
(= wy 2[5 . N
- (2 . Im(wo)) A207w07F()\ZO7w0( ),

where Im(wy) is the imaginary part of wy.

Connection between the natural description of KX C R and a saturated
description of 7, ,, C T

0,W0

Proposition 2.6.3. Suppose K C R is an unbounded semialgebraic set with a
natural description S := {q1(x),...,g9s(x)} C Rlz]. Fiz zyp € T and wy € C\ R.
Then the set

S = {A207w01gl7 s 7A20,w0,9s}

is a saturated description of S -
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To prove Proposition 2.6.3 we need the following lemma.

deg(g)
Lemma 2.6.4. Let g(x Z a;x' € R[z] be a non-zero real polynomial with

2er0es T1, . . ., Tdeg(g) € C. sz zo € T and wy € C\ R such that g(wy) # 0. Then
1

Ay wo,g(2) € Hy ((C [2, —]) is a hermitian Laurent polynomial and:
z

(1) If deg(g) € 2N U {0}, then A,y q(2) is of degree deg2 has zeroes
Azowo (T1)5 + + + 5 Azg o (Tddeg(g))
and the associated semialgebraic set

o )\zo,wo (K{g}) U {Zo}, 'Lf Ao > 0
‘%/{Azo,wo,g} B { )‘Zoﬂvo(K{g})v Zf ag, <07

(2) If deg(g) — 1 € 2N U {0}, then A, wy4(2) is of degree fdegT@L has zeroes

)\zo,wo(xl)a <. ,)\207w0(xdeg(g))7 <0

and the associated semialgebraic set

’%/{Azo,wo,g} = )\Zo,wo (K{9}> U {ZO}'

(3) ‘[f <%{Azo,wo,g} = AZOv'LUO(I({g})'
Proof. First we will prove that A, ., 4(2)" is hermitian. By definition,
Aapang()" = (2= 2T g (0000, (2)) = 1o =20l 15 T g (AL (2))

= |Z - ZO|2TdegT(F)] ()‘ ! ( )) = A207w079(2)7

20,W0

deg(F)

deg(F)"

where we used that g is a real polynomial in the second equality of the first line and

1 _ 1 . . .
Ao (2 2)" = = AL (2) in the first equality of the second line. Now we separate two

cases:
Case 1: deg(g) € 2N U {0}.
Write deg(g) = 2k. The polynomial g factors as
2%k
x) = agy - H(:L‘ — ),
i=1

where ag, € R. Then

Asouog(2) = (2 = 20)* (2 = 20))" - 9N (2)) (2.6.2)
= Qo - (— k.—(z_zo)%.% —Zw_o_zowo—x.
= ag, - (—1) (202" H( Z— 2 l)
Cag (DRI (@5 — @) TIE (2 = Mg ()
2k 2k '
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Since by assumption g(wg) # 0, it follows that 0 = A, w,(Wo) F Az, (zi) for each
i, and hence A, 4(2) is of degree k and has zeroes A, ., (x;) for i = 1,...,2k.
Equality (2.6.2) implies that

Ao g(2) >0 & (2% 2z and g(A, o wo( z)) > 0) or (z = 29 and ag, > 0)
& (AL (2) € Kg))) or (2 = 2 and agy, > 0)

20,W0

& (z€ Apuw(Kqg)) or (2 = 29 and ag, > 0).
This proves part (1) of Lemma 2.6.4.
Case 2: deg(g) — 1 € 2N U {0}.

Write deg(g) = 2k — 1. The polynomial ¢ factors as

2k—1
9(x) = ag—1 - H (z — ),
i=1
where ag,_1 € R. Then
Aouog(2) = ((2 = 20)" (2 = 20))* - g(AZ 1o (2)) (2.6.3)
(z — 20)%* 23/ 25 — 2w
g (1) BT RO o—oo_i
Agk—1 ( ) (Zoz)k E < o Z_O X
_ O2k—1- (—1)k : H?i;l(w_o — ;) . (z — 20) - H?ﬁ;l(z - )‘zo,wo(xi))
Zéc zk ’

Since by assumption g(wg) # 0, it follows that 0 = A, w,(Wo) # Asyaw (i) for each
i, and hence A, ., 4(2) is of degree k and has zeroes A, ., (z;) for i =1,...,2k — 1
and zp. Equality (2.6.3) together with A, ., 4(20) = 0 implies that

AZO,wo,g(z) >0 ( # 2p and 9( 20, wo( )) ) ( = ZO)

=
& (A (?) € Kigy)) or (2 = z)
& (z€ /\zo,wo(K{g})) r (2= 20).

This proves part (2) of Lemma 2.6.4.

To prove part (3) of Lemma 2.6.4, notice that if deg(g) is even and ag; < 0,
then (A, .03 = Azowo (K{g)) and zp does not lie on the boundary of A, u, (Kyg})-
Hence A, w,(K{gy) is closed and J{a. .. .0 = Azowo(Kgy). If deg(g) is even and
aze > 0 or deg(g) is odd, then JZ{, oo (K ggy) U {20} and 2y lies on the

boundary of A, ., (Kgy). This again implies that J{a. . .} = Azowe (K(g})- O

EN) wog}

Now we will prove Proposition 2.6.3.

Proof of Proposition 2.6.3. We have to check all three conditions in the definition
of the saturated description of J7 w, = Az w, (K)-

0,Wo

42



(a) ‘%/20711)0 = Xs.
Notice that

S

% - m ’%/{Azo w, qZ m >\207w0 (K{gz}) = n(AZOﬂUO (K{gz}) U {ZU})

=1 =1 i=1

= (ﬂ AZO,’UJO(K{gi})) U {ZO} = /\Zo,wo(K) U {ZO} = /\ZO,wo(K) = ‘75/207100’

1=1

where the second equality follows by Lemma 2.6.4 (3), the third by Lemma
2.6.4 (1),(2) and the fact that the polynomials g; in the natural description of
K are either of even degree and have a positive leading coefficient or are of
odd degree, the fifth equality by the bijectivity of A, ., and the sixth equality
by the fact that Kg is unbounded.

(b) For every boundary point a € Ky, w,, which is not isolated, there ezists b € S
such that b(a) = 0 and % (a) # 0.

We separate two subcases.

Subcase 1: a # z,. Notice that A7 1w0( ) is a non-isolated boundary point
of K. Since S is a natural description of K, there is ¢ € S such that
g\ (@) = 0 and g'(A]] wo( a)) # 0. In particular, X', (a) is a simple

20,W0
zero of g. By Lemma 2.6.4, a is a simple zero of A, ,,4 € S.

Subcase 2: a = z,. Notice that since 2 is a boundary point of JZ ,,,, the set
K must be bounded from above or from below. In the first case, S contains a
polynomial of the form ¢ — x, ¢ € R, and hence a polynomial

AZOﬂUo,cfx(Z) = (C - w_(J) (ZO — Z> (ZZ;O )\ZOﬂUO (C))

has a simple zero in zy. In the second case, contains a polynomial of the form
xr —d, d € R, and hence a polynomial

(20 = 2)(Aso.mo (d) = 2)

Ao wou—a(2) = (¢ —wy)
has a simple zero in z.

(c) For every isolated point a € . ,, there exist b,c € S such that b(a) = c(a) =

0, ©(a) #0,%(a) # 0 and bc < 0 on some neighbourhood of a.

Notice that since K is unbounded, 2, is not an isolated point of JZ ..
Therefore A ', (a) is an isolated point of K. Since S is a natural descrip-

tion of K, there are g,h € S such that g(A\}', (a)) = h(A;',, (a)) = 0 and
gAML, (@) > 0and /(A (a)) < 0. In particular, A}, (a) is a simple zero

of both g and h, and gh < 0 on some neighbourhood of a. By Lemma 2.6.4, a
is a simple zero of both A, 4,4 € S and A, e € S, and A wg.g - Asgwo,n <0,
which proves (c).

This concludes the proof of Proposition 2.6.3. O]
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2.6.2 Proof of the Positivstellensatz

In this subsection we prove Theorem 2.6.1.

Proof of the equivalence (1) < (2) of Theorem 2.6.1

The non-trivial implication is (=). First we prove the following claim.

Claim. For every w € C\ R the matrix Laurent polynomial A, r(z) belongs to
the set Posl (1 w).

Proof of Claim. By the equality (2.6.1) it follows that Ay, #(20) > 0 if and only if
one of the following is true:

(1) 2o # 1 and F(A{;(20)) = 0,

(2) 2o =1 and F is of odd degree (in which case A;,, (1) = 0),

2%
(3) z0 =1, F(z) := ZF];EJ € M,(C)[x] is of even degree 2k € 2N U {0} and
=0

Fo, = 0.

If F'is of even degree 2k, then since the set K is unbounded, we have Fy, > 0. Using
this together with (1),(2),(3) above we conclude that the matrix Laurent polynomial
A1,w,r(2) belongs to the set Posl(#1,,). This proves Claim.

We write S = {g1,...,9s}. We separate two cases.

Case 1: w € C\ R. The set

S = {Al,uhgl (Z)7 s 7A17w79s (Z)}

is a saturated description of %], by Proposition 2.6.3. By Claim and Theorem
2.5.4,

Mawr(2) =Y ATA; - Ay, € ME,
=0

where A; € M, (Clz, £]) for each i. Then for

k, = max {deg(A;‘Ai) + deg(A1,u,q) — {deg;F)-‘ },
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we have

G%§%QM5H@=(ggﬁ%fmﬂmerwﬂmww>

=0

—w ka_’_?"degT(F)'l
- Z((; T (w | ) (A7 A) - Al,w,gi)(Al,w(x))>

> (ful
i=0 2 - Im(w)

where in the last equality we used the estimate

2k, + 2 [degT(Fw —2 [degT(gﬂ > 2deg(ATA;) + 2deg(Auy,) — 2 [deg(gi)w

(ATA) (Mw(2)) - 9i(w) € Mg,

2
> 2deg( A7 A,).

Note that the second inequality follows by Lemma 2.6.4.

Case 2: w € R\ K. The set

S ={Aig(2), ..., Aig.(2)}

is a saturated description of %] ; by Proposition 2.6.3. Fix zp € T \ .#". By Propo-
sition 2.5.5, there exists k., € NU {0}, such that

’Z — 20’2 0 Al,i,F<Z) € Mg,b'

Therefore

o — i 2[ 48T 4ok, o
(=3 (12 = 2 M) (hale) =

_))) = M) - Fle) € M3,

where we used that zg # 1 in the last equality. (This follows by the fact that K is
unbounded, and hence 1 € #;;.) With 2, running over T \ J#", Ay ;(z0) runs over
w € R\ K. This proves Case 2.

Proof of the equivalence (1) < (3) of Theorem 2.6.1

The non-trivial implication is (=). Since we have (1) < (2), this follows from (2)
used for w =i.
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Proof of the equivalence (1) < (4) of Theorem 2.6.1
The non-trivial implication is (=). We write

Frb= (e =Y [+ Y (FieBje+ FieBu), (2.6.4)
j=1

1<j<t<n

where Fj;; stand for the standard coordinate matrices, i.e., the only non-zero entry
of F;; is in the i-th row and j-th column and is equal to 1.

Claim. There exists a polynomial h € Pos.  (R) such that hF — F% € Posl((K).

Proof of Claim. For every j = 1,...,n we estimate
fiEi = (L4 f5) By = (1+ £35) I, (2.6.5)
and for every 1 < j < ¢ < n we estimate
fieEje+ FiBe X (L+ fiefie) (Ejj + Ee) 2 (1+ fefje) In. (2.6.6)

Using (2.6.5) and (2.6.6) in (2.6.4) we obtain F2~* < hl,, where
hi= Z (1+ fjefje) € Posly(R).
1<j<t<n
From the equality B _
hF — F* = F(hI, — F?™1),
the inclusions F' € Posl(K) and hl, — F%=! ¢ Pos?((R) € Posly(K), and the fact
that the matrix polynomials F', hl, — F*~! commute, it follows that

hF — F ¢ Pos(K).

This proves Claim.

By the equivalence (1) < (3) of Theorem 2.6.1 and Claim there exists k& € NU{0},
such that B
(1+ 23k (hF — F%) € M.
It follows that B
(1+ 2% hF=(1+2°)" F? + H,
where H € M. We expand (1 + 22)* and get
2

(1+x2)k:1+;(§)x%=1+§(@.xi) :

Then
k . 2
(1+x2>k.F2p+H:F2p+Z ().CCJ 'F2p+H.
j=1 J
—G

Defining h := (1 4+ 22)*h € Pos! ;(R) and noticing that G € M2, proves the impli-
cation (=).
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2.7 Generalizations to curves

The main result of this section, Theorem 2.7.5, generalizes Theorem 2.2.1 to curves
in R? and extends Scheiderer’s [Sch03, Theorem 5.17] and [Sch05, Corollary 4.4] (see
Theorems 2.7.2 and 2.7.3 below) from polynomials to matrix polynomials.

We write z := (x1,...,24). Let I be an ideal in R[z] and

:{geRd:g(g)zoforallgel}

its vanishing set. Let I¢ := I 4+l C C[z] be the complexification of the ideal I. Let
M,,(Clz]/Ic) be the set of all n x n matrix polynomials over C[z]/I¢ equipped with
conjugated transpose as the involution, where x} = x; for every j = 1,...,d. We
say that F'(z) € M, (C[z]/I¢) is hermitian, if F(x) = F(z)". We write H, (Clz]/I¢)
for the set of all hermitian matrix polynomials from M, (Cz]/Ic). We call F(zy)
positive definite (resp. positive semidefinite) in xq € Z([I), if v*F(x¢)v > 0 (resp.
v*F(x9)v > 0) for every non-zero v € C". We write Y. M, (C[z]/I¢)?* for the set of
all finite sums of the expressions of the form G(z)"G(z) where G(z) € M, (Clz]/Ic).
We call such expressions hermitian squares of matrix polynomals from M, (Clz]/I¢).
The closed semialgebraic set associated to a finite subset S := {g1,...,9:} C R[z]
is given by
Kg={ze R%: gi(z) >0 for every i =1,... s}

The n-th matriz quadratic module generated by S in H,(C[z]/I¢) is defined by

Mg::{70+71-gl+ T gs: TJGZM ]/Ic>, :0,...,8},

and the n-th matriz preordering generated by S in H, (C[z]/Ic) by

Th={ > 7-g°t7. €Y My(Clz]/Ic)* for all e € {0,1}* ¢,
ec{0,1}s
where e := (e1, ..., e,) and g° stands for gi* - - - g5*.

Remark 2.7.1. Note that 7§ is the quadratic module generated by all products g°,
ee{0,1}*.

The extensions of Theorems 2.1.10 and 2.1.12 to curves in R? are the following
(see [Sch03, Theorem 5.17] and [Sch05, Corollary 4.4]).

Theorem 2.7.2 (Scheiderer). Suppose I is a prime ideal of R[x] with dimension
R
dim(%) = 1. Let S :=={q1,...,9s} be a finite subset of R[x]. Suppose that

Ksn Z(I) is compact and that each p € Ks N Z(I) is a non-singular zero of I. For

a pointp € KgNZ(I), let v, denote the natural valuation on the completion of %

C
at a point p. Then every hermitian polynomial f € Hy <%) satisfying f(xo) >0
C
for every xg € Kg N Z(I) belongs to T + Ic if and only if

(1) For each boundary point p of Ks N Z(I) which is not an isolated point of
KsN Z(I) there exists i € {1,...,s} such that v,(g;) = 1.
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(2) For each isolated point p of Kg N Z(I) there exist i,j € {1,...,s} such that
vp(9i) = vp(g;) = 0 and g;g; < 0 in some neighbourhood of p in Z(I).

Theorem 2.7.3 (Scheiderer). Suppose I is a prime ideal of R[z] with dimension

Rlz]

dim (T) = 1. Suppose S C R[z] is a finite set such that Ks N Z(I) is compact
and that each p € Kg N Z(I) 1s a non-singular zero of I. Then M&+ Ic = Td + Ic.

Remark 2.7.4. Scheiderer in fact works with polynomials from Rz]/I and his
squares are usual ones, i.e., g?> where g € R[z|/I, while we work with C[z]/I¢
and hermitian squares, i.e., g*g where g € Clz|/Ic. However, since a hermitian
polynomial f € H,(Clz]/I¢) is of the form f, + Ic where f,. € R[z], Theorems 2.7.2
and 2.7.3 follow easily from [Sch03, Theorem 5.17] and [Sch05, Corollary 4.4].

Theorem 2.2.1 extends to curves in R? as follows.

Rlz]

Theorem 2.7.5. Suppose I is a prime ideal of R[z] with dimension dim - )=

1. Let S be a finite subset of Rlz]. Suppose the set Ks N Z(I) is compact. Then
the n-th quadratic module Mg contains every hermitian complex matriz polynomial
F € H,(Clz]|/1c) satisfying F(xo) = 0 for every xo € Kg N Z(I) if and only if S
satisfies the conditions (1) and (2) of Theorem 2.7.2.

The proof of Theorem 2.7.5 is analogous to the proof of Theorem 2.2.1 and will
not be given in details here. We only state the main ingredients:

(1) Theorems 2.7.2 and 2.7.3 as the n = 1 case.

(2) The analog of “hF”-proposition, i.e., recall Proposition 2.2.2 above. Also the
proof is analogous to the proof of Proposition 2.2.2.

(3) Eliminating h in the analog of “hF”-proposition, which is also established
analogously as in the case of Theorem 2.2.1.

Remark 2.7.6. After establishing Theorem 2.7.5, both Theorems 2.2.1 and 2.5.4
can be obtained as its special cases. To get Theorem 2.2.1 we take d =1 and I =0
in Theorem 2.7.5, while to get Theorem 2.2.1 we take d = 2 and I = (2? +y* — 1)
in Theorem 2.7.5 and notice that M, (Cl[z, y]) is *-isomorphic to M, (C|z, 1]) with a

x-isomorphism x +—> %(2 + %) and y — %(z — %)
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Chapter 3

Positivstellensatze on matrix
convex sets

In this chapter we study algebraic certificates of positivity for noncommutative
(nc) operator polynomials on matrix convex sets, such as the solution set Dy,
called a free Hilbert spectrahedron, of the linear operator inequality (LOI) L(X) =
Ag® 1+ 2521 A;®X; = 0, where A; are self-adjoint linear operators on a separable
Hilbert space, X; matrices and I is an identity matrix. If A; are matrices, then
L(X) = 0 is called a linear matrix inequality (LMI) and Dj, a free spectrahedron.
For monic LMIs, i.e., Ag = I, and nc matrix polynomials the certificates of positivity
were established by Helton, Klep and McCullough in a series of articles with the
use of the theory of complete positivity from operator algebras and classical separa-
tion arguments from real algebraic geometry. Since the full strength of the theory
of complete positivity is not restricted to finite dimensions, but works well also in
the infinite-dimensional setting, it is possible to extend their results to operator
polynomials. First we extend the characterization of the inclusion Dy, C Dy, from
monic LMIs to monic LOIs L; and Ly. As a corollary one immediately obtains the
description of a polar dual of a free Hilbert spectrahedron Dy and its projection,
called a free Hilbert spectrahedrop. Further on, using this characterization in a
separation argument, we obtain a certificate for multivariate nc matrix polynomial
F' positive semidefinite on a free Hilbert spectrahedron defined by a monic LOIL.
Replacing the separation argument by the operator Fejér-Riesz theorem enables us
to extend this certificate, in the univariate case, to operator polynomial F'. Finally,
focusing on the algebraic description of the equality Dy, = Dp,, we remove the
assumption of boundedness from the description in the LMIs case by an extended
analysis. However, the description does not extend to LOIs case by counterexamples.

This chapter is based on [HKM12, HKM13b, HKM16b, Zall7, DDSS+].
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3.1 Notations and known results

3.1.1 Notations
Free sets - matrix level

Fix a positive integer g € N. We use S,, to denote real symmetric n X n matrices
and SY for the sequence (S?),. A subset I' of S9 is a sequence I' = (I'(n)),,, where
['(n) € SY for each n. The subset I' is closed with respect to direct sums if A =
(Ay,...,Ay) €'(n) and B = (By,...,B,) € I'(m) implies

A@B= ([%1 éﬂ,...,ﬁlf ggD € T(n +m).

It is closed with respect to (simultaneous) unitary conjugation if for each n, each
A € I'(n) and each n X n unitary matrix U,

U*AU = (U*AU, ... U*A,U) € T(n).

The set I' is a free set if it is closed with respect to direct sums and simultaneous
unitary conjugation. If in addition it is closed with respect to (simultaneous) iso-
metric conjugation, i.e., if for each m < n, each A = (4,,...,Ay) € I'(n), and each
isometry V : R™ — R"™,

VEAV = (V'ALV,... ,V*A,V) € T(m),

then I' is matriz conver [HKM16a).

Free sets - operator level

Fix a separable Hilbert space . Let Lat(.#") denote the lattice of closed subspaces
of # . For a K € Lat(#"), we use Sk to denote the set of all self-adjoint operators
on K. Let S stand for the set (Sx)x. A collection I' = (I'(K)) x where I'(K') C S%
for each K a closed subspace of £, is a free operator set [HKM16a] if it is closed
under direct sums and with respect simultaneous conjugation by unitary operators.
If in addition it is closed with respect to simultaneous conjugation by isometries
V:H — K, where H, K € Lat(.%), then I' is operator conver.

Linear pencils and LOI sets

Let ¢ be separable real Hilbert space and [, the identity operator on 7. We
denote by B(4) the set of all bounded linear operators on % and by S_,» the set
of all self-adjoint operators from B(5¢). For self-adjoint operators Ag, Ay, ..., A, €
S_r, the expression

g
L(.T) = AO =+ Z Aj.flfj
j=1

is a linear (operator) pencil. If A is finite-dimensional, then L(x) is a linear matriz
pencil. If Ay = L, then L is monic. If Ay = 0, then L is homogeneous. To every
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tuple A = (Ay,...,A4,) € SY%, we associate a homogeneous linear pencil A4 and a
monic linear pencil L4 by

g
Ay(z) = Zijj and  Ly(z) := Ly + Aa(z).

j=1

Let C*(S4) be the unital C*-algebra generated by A, i.e., the smallest unital
C*-algebra in B(s#’) which contains the operators A, ..., A,.
The matriz Hilbert convex hull co™ ,{A} of A is the matrix convex set

co™ {A} = (co™{A}(n))n,

where
co™{AY(n) = |J (V'm(A)V,.. Vr(A)V) C S,
(4,7, V)ell,

and II, is the set of all triples (4,7, V) of a separable real Hilbert space ¢, an
isometry V : R" — ¢ and a unital x-homomorphism 7 : C*(S4) — B(9).
oper

The operator Hilbert convex hull co%” { A} of A in a separable real Hilbert space
' is the operator convex set

CO;?BT{A} — (COE%/{A}<K))KGLat(Jf)

where
OB ANK) = | (Va(A)V,... V'r(4,)V) € S,
(¢,m,V)ellx

and Ilx is the set of all triples (4,7, V) of a separable real Hilbert space ¢, an
isometry V' : K — ¢ and a unital *-homomorphism 7 : C*(S4) — B(¥).

We say a bounded linear operator A on a Hilbert space ¢ is positive semidefinite
and write A > 0 if A is self-adjoint and (Ah, h) ,» > 0 for every h € S where (-,-),
stands for the inner product on 7. Given another real Hilbert space £, setting

(h1 ® k1, ho ® k2>%o®,;g = (ha, ha) (K1, k2)

and extending by linearity, we obtain an inner product on the vector space 5 ® % .
The completion of 7 ® % with respect to this inner product is a Hilbert space,
which we still denote by 5 ® . For operators A € B() and B € B(") we set

(A® B)(h® k) :== (Ah) ® (Bk),

and extend by linearity to an operator A® B € B( @ ).
Given a tuple of self-adjoint operators X = (Xi,...,X,) € S% on a closed
subspace K of a Hilbert space J#, the evaluation L(X) is defined by

g
LX)=A @I+ Y A X

j=1

where [ stands for the identity operator on K.
We call the set
Dp(1) ={x € R: L(x) = 0}
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a Hilbert spectrahedron or a LOI domain, the set
Dy = (Dr(n)), where Dp(n)={X € SY: L(X) = 0},
a free Hilbert spectrahedron or a free LOI set, the set
0Dy = (0Dr(n)), where 0Dp(n)={X e€S%: L(X) = 0,L(X) » 0},
the boundary of a free Hilbert spectrahedron and the set
DY = (Dp(K))gera(ny Where Dp(K)={X € S%: L(X) = 0}.

an operator free Hilbert spectrahedron or an operator free LOI set where £ is a
separable real Hilbert space. Note that Dy (1) C RY is a closed convex set and by
the classical Hahn-Banach theorem every convex closed subset of RY is of this form.
If L is a linear matrix pencil, then we omit the word Hilbert from the definitions.

Free Hilbert spectrahedrops

Let 5, & be separable real Hilbert spaces. Let D, €;, I'y € S, be self-adjoint
operators and

g h
L(z,y) =D+ Z Qjz; + ZFkyk € SAx,y)
j=1 k=1

a linear pencil in the variables (z1,...,24;y1,...,yn). We call the set
proj, Dr(1) := {z € R?: 3y € R" such that L(z,y) = 0}
a Hilbert spectrahedral shadow [BPT13], the set

projx DL = (projx DL(”))”?

where
proj, Dr(n) := {X € 82: 3Y € S" such that L(X,Y) > 0},

a free Hilbert spectrahedrop, and the set
proj, D7 = (proj, Dr(K))kevat(#),

where
proj, Dp(K) ={X € Sk: 3Y € Sk such that L(X,Y) = 0},

an operator free Hilbert spectrahedrop. If L is a linear matrix pencil, then we omit
the word Hilbert from the definitions.

Polar duals

Let JZ be a real separable Hilbert space. The free polar dual (resp. the free Hilbert
polar dual) K° = (K°(n)), of a free set L C S (resp. a free operator set K C S,)
1s

g
Ke(n) = {AESZ: La(X) :In®I+ZAj®Xj = 0 for all X EIC}.

J=1
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The operator free polar dual (resp. the operator free Hilbert polar dual) K*° =
(K°(K)) kevrat(x) of a free set KK C SY (resp. a free operator set I C §%,) is

g
Ko(K) = {AGS‘}(: La(X)=Ix @1+ Aj®X; =0 for allXElC}.

Jj=1

Words and nc polynomials

We write (x) for the monoid freely generated by = = (x4,...,,), i.e., (z) consists
of words in the g noncommuting letters zy,...,z,. Let R(z) denote the associa-
tive R-algebra freely generated by x, i.e., the elements of R(z) are polynomials
in the noncommuting variables x with coefficients in R. The elements are called
noncommutative (nc) polynomials. Endow R(z) with the natural involution * which
fixes RU {z} pointwise, reverses the order of words, and acts linearly on polynomi-
als. Polynomials invariant under this involution are symmetric. The length of the
longest word in a noncommutative polynomial f € R(z) is denoted by deg(f). The
set of all words of degree at most k is (), and R(x); is the vector space of all nc
polynomials of degree at most k.

Fix separable Hilbert spaces 77, .745. Operator nc polynomials are the elements

of B(JA, 75) @ R(x). We write
P= > A,®weE B, )0 R)

we(x)

for an element P € B(J4,.75%) ® R(z), where the sum is finite. The involution *
extends to operator nc polynomials by

P =3 A @ uw € B, ) @ Riz).
we(z)

If 74 = 74 and P = P*, then we say P is symmetric.

Polynomial evaluations
If P e B(J4, 7) ® R(z) is an operator nc polynomial and X € B(J#)9, where ¢
is a separable Hilbert space, then

P(X) € B(s4, #) @ B(X)

is defined in the natural way by replacing x; by X; and sending the empty word to the
identity operator on .#". Note that if P € R“**(x) is a matrix nc polynomial, where
(1,05 € N are natural numbers, then P(X) : #* — % is an operator mapping
form £ to ' and has a matrix representation (p;;(X)):;, where P = (p;;())s;.

Free Hilbert semialgebraic sets

A symmetric operator nc polynomial P determines the free Hilbert semialgebraic set
by
Dp = (Dp(n)), where Dp(n)={X €S8Y: P(X) = 0},
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and the operator free Hilbert semialgebraic set by
D} = (Dp(K))kerar(r) where Dp(K)={X € S%: P(X) = 0}.

Clearly, the sets Dp and D# are a free set and a free operator set, respectively.
If P is a symmetric matrix nc polynomial, then we omit the word Hilbert in the
definitions of Dp and Df .

3.1.2 Known results
Inclusion of free spectrahedra

The question of the inclusion of free spectrahedra for matrix pencils was considered
by Helton, Klep and McCullough in [HKM12] and [HKM13b]. They proved the
following algebraic characterization of the inclusion D;, C Dy, called a Linear
Positivstellensatz.

Theorem 3.1.1 (Helton, Klep, McCullough). Let L; € Syz), j = 1,2, d; € N,
be monic linear matrix pencils. Then Dy, C Dy, if and only if there is ky € N,
matrices Vi, € RUX% for k = 1,... ko and a positive semidefinite matriz S € Sy,

such that
ko

Ly(x) = S+ Y ViLi(2)Vi.
k=1

Moreover, if Dy, (1) is bounded, S can be chosen to be 0.

In [HKM13b], Theorem 3.1.1 was proved for bounded sets Dy, (1) with the use of
the theory of complete positivity from operator algebras, while in [HKM12] a more
general theorem (see Theorem 3.1.5 below) was proved with the use of classical
separation arguments from real algebraic geometry, i.e., the authors generalized
Theorem 3.1.1 from the case of linear matrix pencil Ly to the case of an arbitrary
noncommutative polynomial p.

Equality of free spectrahedra

Let Ao, A1,..., Ay € S, be self-adjoint operators on a separable real Hilbert space

g

A and L(z) = Ao + Z Ajx; a linear pencil. Let H C J# be a closed subspace of
j=1

¢ which is invariant under each A;, i.e., A;H C H. Since each A; is self-adjoint, it

also follows that A;H+ C H*, i.e., H is automatically reducing for each A;. Hence,

with respect to the decomposition .77 = H @ H*, L can be written as the direct

sum,

g
s where L:AO|H+ZA]|H:E]

j=1

~ L 0
L=LaL= ~
© [0 Lt

We say that Lisa subpencil of L. If H is a proper closed subspace of 7, then L
is a proper subpencil of L. If Dy, = D7, then L is a whole subpencil of L. If L has
no proper whole subpencil, then L is o-minimal.
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The question of the equality of free spectrahedra for matrix pencils was consid-
ered by Helton, Klep and McCullough in [HKM13b]. They proved the following
algebraic characterization of the equality Dy, = Dy, called a Linear Gleichstellen-
satz (see [HKM13b, Theorem 1.2]).

Theorem 3.1.2 (Helton, Klep, McCullough). Let L; € Sy{z), j = 1,2, d; €N, be
monic linear matriz pencils with Dy, (1) is bounded. Then Dy, = Dy, if and only if
every o-minimal whole subpencil Zl of Ly is unitarily equivalent to any o-minimal
whole subpencil Ly of Lo, i.e., there is a unitary matrix U such that Lo = U* L, U.

Even though Dy, = Dy, if and only if Dy, C Dy, and Dy, C Dy, it is not
clear how to prove Theorem 3.1.2 only by using Theorem 3.1.1. The proof is more
involved. One has to see how the free spectrahedron Dy is connected by the unital
C*-algebra generated by the coefficients of L. For this the authors used Arveson’s
noncommutative Choquet theory [Arv69, Arv08, Arv10].

Polar duals of free spectrahedra and free spectrahedrops

Helton, Klep and McCullough described the polar dual of a free spectrahedra and
a free spectrahedrop (see [HKM16b, Theorem 4.6 and Corollary 4.15]).

g
Theorem 3.1.3 (Helton, Klep, McCullough). Suppose L := I; + Zijj, d e N,

=1
is a monic linear matriz pencil where A; € Sq. The free polar dual of Dy, if the free
set given by

D (n)={(X1,....X,) €S%: IpeN and Vi,...,V, € R sych that

p p
ZV[Vg =1, and forall j: X; = ZV[(Aj &) OR)W}.

/=1 /=1

g h
Theorem 3.1.4 (Helton, Klep, McCullough). Suppose L := [d+z Qj:cj+z Crys,
j=1 k=1
d € N, is a monic linear matriz pencil where Q;,T'y, € Sq and K := proj, Dy, its free
spectrahedrop. The free polar dual of KC is the free set given by

Ko(n) = {(Ay,...,A) €S9 (Ay,...,A,0,...,0) € D5}
={(A,...,4) €S%: IpeN and Vi,...,V, € R sych that

—

M=

o I
Vi Ve =1, and for all j,k: A; = ZV[QJ‘V@, 0= ZVZF’CW}?
1 =1 £=1

~
Il

where flj =0, ®0 € Sgq1 and fk =Ty ®0 € Syy.
Moreover, if IC is bounded, then its free polar dual of is the free set given by
Ke(n) ={(Ay,..., A4, €S%: (Ay,...,A4,0,...,0) € D7 }
={(A1,...,A) €S%:FpeNand Vi,...,V, € R”" such that

—~

M=

Iz e
ViVe =1, and for all j,k+ Ay =) ViV, 0= erw}.

1 (=1 (=1

~
Il
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Matrix Positivstellensatze

Helton, Klep and McCullough obtained the following generalization of Theorem
3.1.1 (see [HKM12, Theorem 1.1]).

Theorem 3.1.5 (Helton, Klep, McCullough). Let L € Sfx), d € N, be a monic
linear matrixz pencil. Then for every symmetric matriz noncommautative polynomial
F e R”x), v € N, with F|p, = 0, there exist finitely many matriz noncommuta-
tive polynomials R; € RVz) and Qi € Rz all of degree at most deg(
that

such
F=> RRj+> QiLQx
7 k

The proof of Theorem 3.1.5 uses a modification of Putinar-type argument. In
[HKM16b] the authors extended Theorem 3.1.5 from free spectrahedra to free spec-
trahedrops (see [HKM16b, Theorem 5.1]).

Theorem 3.1.6 (Helton, Klep, McCullough). Let L € Sd<x y), d € N, be a monic

linear matriz pencil of the form L(x,y) D—l—Z Qjz; +Z vy and KK = proj, Dy,.
7j=1 k=1

Then for every symmetric matriz noncommautative polynomial F € RV z), v € N,

with Flx = 0, there exist finitely many matriz noncommutative polynomials R; €

R**"(z) and Q) € R¥>x) all of degree at most % such that

F=> RRi+> QLQ
j ¢
where ZQZFng =0 for every k.
¢

3.2 Linear Positivstellensatz and polar duals

The main result of this section, Theorem 3.2.13 below, is the extension of Theorem
3.1.1 from matrix pencils to operator pencils. The main techniques used are the
same as in [HKM13b], i.e., complete positivity and the theory of operator algebras.
We define the unital x-linear map 7 between the linear spans of the coefficients
of the given linear pencils. There are two crucial observations. The first is the
connection between the inclusion Dy, C Dy, and the complete positivity of 7 given
by Theorem 3.2.5; while the second is an an algebraic trick of extending the pencil
to the direct sum with the monic scalar pencil 1, which makes the extended map
7 completely positive if and only if Dy, C Dy,. The proof of Theorem 3.2.13 then
follows by invoking the real version of Arveson extension theorem and finally using
the Stinespring representation theorem.

As consequence of Theorem 3.2.13 we describe operator free Hilbert polar duals
of a free Hilbert spectrahedron (see Theorem 3.2.17 below) and a free Hilbert spec-
trahedrop (see Theorem 3.2.18 below), extending Theorems 3.1.3 and 3.1.4 from
matrix to operator pencils.
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3.2.1 Linear Positivstellensatz

Let o7, 74, % be separable real Hilbert spaces. Given L; and Ls monic linear
operator pencils

9 9
Li(z) := Ly + Zijj € Su(r) and Lo(z) := Ly + ZBjxj € Suu(T),
j=1 j=1

we are interested in the algebraic characterization of the inclusion of the free LOI
sets (resp. operator free LOI sets)

Dy, € Dy, (resp. DY C DY).

In this subsection we first prove the equivalence between both inclusions, then
introduce the unital x-linear maps 7 and 7 between the linear spans of the (extended)
coefficients of both pencils, study the well-definedness and complete positivity of
both maps and finally prove the main result; see Theorem 3.2.13. We also show by
an example that the monicity of pencils is necessary; see Example 3.2.16.

Equivalence of the inclusions D;, C D;, and D{l - Dii

Proposition 3.2.1. We have the following equivalence:
D CDf <« Dy, CDy,.

To prove proposition we need a lemma.

g

Lemma 3.2.2. Let L(x) = Ay + ZA]-.CIZ]' € S,Az) be a linear operator pencil and
j=1

X € 59, be a tuple self-adjoint operators on a Hilbert space # . Then X € D{ if

and only if V*XV € Dr(m) for every m € N and every isometry V € B(R™, ).

Proof. Let X € Df". We have

g
LV*XV) = Ay @ Ipn + > A; @ V*X,;V

J=1

g
= (Lr @ V) (A @ Ipn + > A; @ X)) (Lr @ V)

j=1
=IrV)L(X)IroV)=0.
Hence V*XV € Dp(m).
Let us now assume V*XV € D (m) for every isometry V € B(R™, %), m € N.

Suppose X ¢ D{. Then there is m € N and a vector v := >, hy @ uy € H# Q@ H
such that (L(X)v,v) < 0. Without loss of generality we may assume uq, ..., u,, are
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orthonormal. Define Xy = Irm. Hence

(L(X)v,v) = <<Z A0 X)) hr@ug), > h® uk>ﬂw

g

((A; ® X;)(hie ® ug), he @ ) won

R
NE

1

<
Il
o
Eond
Il
i
~
Il

Mm
NE
NE

(Ajhi, he) e (Xjug, ue) » < 0.

<
Il
o
Eond
Il

1

~
Il

1

Let ey, be the standard basis vectors for R™. Let us define a linear map V' : R™ — 77

by eg > ug. Since {ey,..., ey} and {uy, ..., u,} are orthonormal, V' is an isometry.
Therefore, L(V*XV) = 0. We have

0< <L(V*XV)(Z hi @ ey), Z hi ® €k>éf®Rm
K 2

g

Aj ® V*XJV)(Z hi ® €k), Z hr ® ek>_}2ﬂ®Rm
k k

.
Il
—

I I
- T
NE

(A4 @ VX5V (hi, ® eg), he @ eq) wgrm

<
Il
=)
B
Il
—
~
Il
—

I
M@
NE
NE

<Ajhk, hg>=;go<v*XjV€k, 6@>Rm

~
I
<)
£
Il
—
~
Il
—

I
Mm
NE
NE

(Ajhi, he) e (X;Ver, Ve n

<
o
X
l‘
~
l‘

Q |l

I
NE
NE

<Ajhk, hg>3gﬂ<XjUk, U,g>% = <L(X)U, U> < 0.

<
I
o
ol
Il
-
~
Il
—-

This is a contradiction. Hence X € D7 [
Now we prove Proposition 3.2.1.

Proof of Proposition 3.2.1. The non-trivial direction is Dy, C Dy, implies Df; -
Dig Let us take X € Dif By Lemma 3.2.2,

X € DY & V*XV € Dy, (m) for every isometry V € B(R™, #), m € N.
By Lemma 3.2.2, X € Di‘; implies
V*XV € Dy, (m) for every isometry V € B(R™, %), m € N.
But Dy, C Dy, implies
V*XV € Dp,(m) for every isometry V € B(R™, %), m € N.

This concludes the proof. O
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Connection with complete positivity

Given a tuple A := (A44,...,A,) € B(J) we denote by
Sa =span{ly, A, ..., A} C B(J)

the operator system generated by A, i.e., the smallest subspace in B(.) containing
1,4 and such that X* € Sy for every X € S4.
We write A @ 0% to denote a tuple

(Al @OR,...,AQ@OR) c S‘f]%p@R,

where Op is the zero operator on R.
g
The homogenization "L of a linear pencil L = Ay + Z Ajx; € Sy{x) is defined
j=1
by
"L(zo,. .. 24) = zoL(zy 21, . 10 Ty).

Note that the evaluation of a homogeneous linear pencil *L(z) = Z?:o Ajx; on a
tuple of symmetric matrices X = (Xo, X1,...,X,) € S¢™! is defined by

g
LX) =D A X,
j=0

and
Du, = (Dn(n)), where Du(n) ={X € S7™:"L(X) = 0}

is its free Hilbert spectrahedron.
By Lemma 3.2.3 below the inclusion Dy, (1) € Dy,(1) implies that the unital
linear map
?ISA@O%%SB, Aj@ORl—)Bj,

is well-defined, while the stronger inclusion Duy (1) € Dup, (1) implies the well-
definedness of the unital linear map

7:84— S8, A;— Bj.
In particular, 7 is well-defined if Dy, (1) is bounded.
Lemma 3.2.3. Assume the notation as above.
(1) If Dy, (1) € Dyp,(1), then the map T is well-defined.
(2) If Dig, (1) € Dy, (1) or Dy, (1) is a bounded set, then the map 7 is well-defined.

Proof. First we prove (1). It suffices to prove that

g g
,U@(I;gﬂl S¥) ]]R) + ZMj(Aj ¥ OR) =0 implies ,UOI% + Z,uij = 0,

J=1 J=1
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where pig, ..., iy € R. First we notice that o = 0. From »7_, 11;(A; © Og) = 0 it
follows that »9_, t1;(A; © Ogr) = 0 for every ¢ € R. Hence,

(t,ul, - ,t,ug) € DL1<1) - DL2(1)

for every t € R. Suppose to the contrary that » %, u;B; # 0. Since > 9_, y;B;
is self-adjoint, it follows that there is h € .7 such that <( S 1 Bj)h, h> # 0 by

[Con90, 2.14. Corollary|. But then ¢(p,...,uy) ¢ Dy, for t — oo or t — —oo,
which is a contradiction. Hence Z§=1 p;B; = 0 and the map 7 is well-defined.

For the proof of (2) let us first consider the inclusion Du (1) € Dup,(1). We
have to prove that

g 9
poln + ZMjAj =0 implies polm + Z Mij = 0.
j=1 Jj=1
Suppose to the contrary that uoIerZ?:l w;B; # 0. Since ,uOIquZ?:l w; Bj is self-
adjoint, it follows that there is h € %3 such that <(u0[m + 2?21 wiBj)h, h> # 0 by

[Con90, 2.14. Corollary|. Therefore t(pg, o1, - .-, ptg) ¢ Dy, for t — 0o or t — —o0.
But this is a contradiction with ¢(po, pi1, - .., ftg) € Duy, € Dur,. Hence 7 is well-
defined.

Now we consider the case of a bounded set Dy, (1). In this case the set

{Ly,Ar,..., Ay}

is linearly independent; the proof is the same as in the matrix case (see [HKM13b,
Proposition 2.6]). Thus 7 is well-defined. O

The following example shows that for unbounded sets Dy, (1), the assumption
Dy, (1) € Dp,(1) does not suffice for the well-definedness of the map 7.

Example 3.2.4. Let {; = 1+x and ¢, = 1 be monic linear scalar polynomials. Note
that Dy, (1) = [-1,00) C R = Dy, (1) but by the definition of the map 7 : R — R
we have that 7(1) = 1 and 7(1) = 0, which is a contradiction.

Now we define the n-positivity, n € N, and the complete positivity of a linear
map

¢:Sl_)82

mapping between operator systems S; C B(.%), j = 1,2, invariant under the
transpose. For n € N, ¢ induces the map

=1, ¢ :R”"R8 =8"" = 8", MA— M®®o(A),
called an ampliation of ¢. Equivalently,

Tll e Tln ¢(T11> e gb(TIn)
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We say that ¢ is n-positive if ¢, is a positive map. If ¢ is n-positive for every
n € N, then ¢ is completely positive. If ¢, is an isometry for every n € N, then ¢ is
completely isometric.

In the following theorem we prove that the n-positivity of 7 is equivalent to the
inclusion Duy (n) € Dup,(n). Therefore the n-positivity of 7 is equivalent to the
inclusion Dy, (n) C Dy,(n). However, for bounded Dy, (1), the map 7 is n-positive
if and only if the map 7 is n-positive.

Theorem 3.2.5. Let
g g
L1 = ijl + ZA]'.Z’J' S S%ﬂl<$>, L2 = I)gﬁ + ZB]‘Q?]‘ c S%<I>
Jj=1 J=1

be monic linear operator pencils such that Di, (1) C D, (1). Let 7 : Sy — Sp be
the unital linear map A; — B; and n € N. Then:

(1) T is n-positive if and only if Dy, (n) C Dar,(n).
(2) T is completely positive if and only if Diy,, C Dar,.
(8) If dim(s4) = n € N, then 7 is completely positive if and only if T is n-positive.
Let Ly & Ig be the monic linear operator pencil
9
Li®Ix =1Lk ®Ir+ Y (A ®OR)T; € Sier(z).
j=1
Let 7 : Sygos — Sp be the unital linear map A; @ Og — By. Then:
(4) Dr,(n) C Dp,(n) if and only if Dh(Ll@IR)(n) C Du,(n).
(5) T is n-positive if and only if Dr,(n) C Dr,(n).
(6) T is completely positive if and only if Dy, C Dy, .
Moreover, if Di,, = Dyp a1, then
(7) Di,(n) € Duy(n) if and only if Dy, (n) € Dig,(n).
(8) T is n-positive if and only if Dy, (n) C Dp,(n).
(9) T is completely positive if and only if Dy, C Dy, .
Remark 3.2.6. (1) Note that 7 and 7 are well-defined; see Lemma 3.2.3.

(2) Equivalent version of Theorem 3.2.5 can be obtained from the results of David-
son, Dor-On, Shalit and Solel (see [DDSS+, Proposition 5.9 and Corollary
5.10]). Their results are established by relating the existence of unital com-
pletely maps or completely contractive maps between the g-tuples of operators
to matriz ranges which were introduced by Arveson in [Arv72a]. We will look
closer to matrix ranges in the next section when studying the problem of the
equality of free (Hilbert) spectrahedra.
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In the proof of Theorem 3.2.5 we need some lemmas.
Lemma 3.2.7. Suppose T € S}™" is self-adjoint. Then there exist symmetric ma-

g
trices Y, X1,..., Xy €S, such that T =Y ® I +ZX]-®Aj.

j=1

g

Proof. By definition, 7" is of the form Y ® I 4 —I—Z X;®A;forsome Y, Xq,..., X, €
j=1

R™*™. From T = T, it follows that

g g
Y@L+ XA =-(Y+Y)®Lg+ > (X;+X])® 4;).

j=1 j=1

N | —

Defining Y := %(574—17*) and X; = %()?J+)~(;> for j =1,..., g proves thelemma. [J

g
Lemma 3.2.8. Let L = A+ Z Ajx; € SyAz) be a linear pencil. Then for a tuple
j=1

X = (X, X1,...,X,) €SI we have
g g9
J=1 J=1

Proof. The lemma follows by observing that after applying a permutation called the
canonical shuffle [Pau02] to L(X) we obtain Xo® Ag + ) 7_; X; ® A;. O

Lemma 3.2.9. Let L € Sy(x) be a monic linear operator pencil. Let X :=
(Xo,...,X,) €SUTt be a tuple satisying Xo = 0. Then:

hL(X) =0 o Ve >0 L((XO + E[n)7%<X1, R ,Xg)(XO + EIn)7%> = 07

Proof. Let X := (Xo,...,X,) € S¢™! be a tuple satisying X, = 0. Then we have

(X)=0 & Ve>0: "L(X 4+ (el,,0,...,0)) = 0 &
Ve >0 (L ® (Xo+ eln) 2) ™LX + (eLn, 0,...,0)) (L @ (Xo + €l,) ?) = 0 <
Ve >0 L((Xo+el) F (X, X0 (Xo+ el,) F) = 0,

where the first equivalence follows by closedeness of the free Hilbert spectrahedra.
This establishes the lemma. O

Lemma 3.2.10. Let L € Sy (x) be a monic linear operator pencil and X :=
(Xo,...,X,) €S¢Tt a tuple of self-adjoint matrices. Then:

(1) X € Dypap, if and only if Xo = 0 and X € Dy,
(2) Dw, = Dypar,) if and only if X € Du, implies that X, = 0.

Proof. (2) clearly follows from (1), while (1) is a simple observation. O
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Now we prove Theorem 3.2.5.

Proof of Theorem 3.2.5. Let us prove (1) and (2). Since (2) follows from (1), it
suffices to prove (1). Suppose T € S*" is self-adjoint. By Lemma 3.2.7 there exist
symmetric matrices Y, X1,..., X, € S, such that

g
T=Y®La+)Y X;®A;.

j=1

By definition of 7 we have that

g
) =Y ®@Lp+ Y X;®B;

Jj=1

By Lemma 3.2.8,

g
T-0 & Lap®Y+) AX;70 & (V,X1,...,X,) € D, (n),

J=1

9
FT) =0 & I1peY+) BieX;=0 & (Y,X,...,X,) € Du,(n).

Jj=1

Therefore 7 is n-positive if and only if Duz, (n) C Duz,(n).

(3) follows from [Pau02, Theorem 6.1]. To prove (4), (5), (6), it suffices to estab-
lish (4). The non-trivial implication of (4) is (=). Take X = (Xo, X1,...,X,) €
D,z . By Lemma 3.2.10 (1), Xo = 0. Thus, it follows by Lemma 3.2.9 and the
inclusion Dy, (n) € Dg,(n) that X € Duy,. This establishes Dy, o) € Dhp,.

Finally, to prove (7), (8), (9), it suffices to establish (7). The non-trivial impli-
cation of (7) is (=). Let us take X := (X, X1,...,X,) € Dyy,. By the assumption
Duy, = Dy, ar,) and Lemma 3.2.10 (2) it follows that X, = 0. Now by Lemma
3.2.9 and the inclusion Dy, (n) € Dy,(n), we conclude that X € Duy,. Thus,
Duy, C Dy, O

An important case of the equality Dw,, = Dy, g1,) in the notation of Theorem
3.2.5 occurs if Dy, (1) is bounded.

Proposition 3.2.11. Let L € S,Ax) be a monic linear operator pencil such that
Dp(1) is bounded. Then Di, = Dypep,).-

Proof. Take X := (Xo, X1,...,X,) € Dyy. By Lemma 3.2.10 (2) we have to prove
that Xy = 0. We argue by contradiction. Assume "L(X) = 0 but X, # 0. Then
there exists v € R” with (Xgv,v) < 0. Define V : R — R” by r — rv. The map
V*:R" — R is given by u +— (u,v). We have

g
(L @ V)M'Ly(X) Ly @ V) = Ly @ V' XV + Y _A; @ V' X;V

J=1

g
:]%®<Xov,v>—|—ZAj®<va,v> = 0.

=1
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Since Ly ® (Xov,v) < 0, it follows that 379, A; ® (X;v,v) = 0. Thus
(t(Xyv,v),...,t{X,v,0)) € D, (1)
for every ¢ > 0 which contradicts the boundedness of Dy, (1). O

For L; and Ly monic linear pencils such that Dy, (1) is unbounded and Dy, C
Dy,, it is not necessary that Duy, € Duy, by Example 3.2.12 below.

Example 3.2.12. For the following monic linear matrix pencils

[ 1+ 22 + 229 0 0
Ll(l'l,{lfg) = 0 1 +22L’1 0 s

i 0 0 1+ 229

i 1+I1+$2 0 0
LQ(Z’l,Q?z) = 0 1+171 0 N

i 0 0 1+ 29

we have
1 1 1
Dp,(n) = {(X1,X2) €S, Xi+Xo = _§]n7 X1 = _EIna Xo = _§In}7
DLQ(”) = {(leXQ) S Sn: Xl +X2 - _]na Xl = _Ina X2 = _In}a

for every n € N. Hence, Dy, (n) C Dy,(n) for every n € N, i.e., Dy, C Dy,. But

(—1, %, %) € Dup, (1) \ Dur, (1),

and hence
DhL1(1> Z DhL2<].).
Characterization of the inclusion D;, C Dy,

The main result of this section, Theorem 3.2.13 below, is the characterization of
the inclusion Dy, C Dy,. The proof uses the connection with complete positivity
explained in the previous subsection. Theorem 3.2.13 is the extension of Theorem
3.1.1 from matrix pencils to operator pencils.

Theorem 3.2.13 (Operator linear Positivstellensatz). Let
g g
L1 = [yfl + ZAJ'.%’J' [~ Syﬁ<£€>, L2 = ]:ny + Z Bjmj I~ Sy¢02<.1'>
j=1 j=1
be monic linear operator pencils. The following statements are equivalent:
(1) Dr, C Dy,.

(2) There exist a separable real Hilbert space &, an isometry V : 5 — A and
a unital x-homomorphism m : C*(Sagog) — B(HA') such that

Lz(:v):V*w([g H)vw*w([ b 8})v
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(8) There ezist a separable real Hilbert space Jt, a contraction Vo : 75 — Ky,
a unital x-homomorphism my : C*(Sa) — B(J#) and a positive semidefinite
operator S € B(.753) such that

Ly(x) = S+ Vimo(La(x)) V.

Moreover, if D, = Dy e, then Vo in (3) can be chosen to be isometric and

S =0.

Proof. First we will prove the implication (1) = (2). By Theorem 3.2.5 (5) the map
7 is completely positive. By the real version of Arveson’s extension theorem [CZ13,
Proposition 4] (take

E=C"(Sagog): Lo =Sageg, Kn(E) ={A € M,(B(A)): A= 0}),
there exists a completely positive extension 7 : C*(S A@O%) — B(J%5) forT: S A0y —
Sp. By the Stinespring theorem, there exist a separable real Hilbert space £, a

*-homomorphism 7 : C*(Sageg) — B(A') and an isometry V' : 7% — £ such that
T(C) = V*r(C)V for all C € C*(Sagoz). Hence,

o[ 2o 4 2
(ER Rt

Now we will prove the implication (2) = (3). Observe that 7 [ L 0 } is a

:V*
:V*

™

hermitian idempotent, hence a projection onto %, := Ran (W([ [6% 8 D)’ by

[Con90, 3.3 Proposition]. We define a contraction

Vo :i= P}Zﬂ'({ [’gﬁ 8})1/::%’@ — K,

where P}; is a projection from % to J#;. We define a new representation

o1 C*(Sa) = B(Ha), A Pfg”([ o0 D

0 0]/
. A0 .
Since Ran|( 7 0 0 C K, mp is well-defined. Thus
LQ((E) =95 + ‘/0*7'(0([11(1’))‘/0,
where S := V*W({ 8 (i] ])V = 0.
Finally, the implication (3) = (1) is clear. If D, = Duy,ar,), then we work
with 7 instead of 7 to get S =0 in (3). O
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Remark 3.2.14. (1) If Dp, (1) is unbounded, then in Theorem 3.2.13 (2), V;
cannot always be chosen to be isometric (and hence S = 0). See Example
3.2.12 above: if Ly = V' (L1)V} for an isometry V4, then Duy, C Duy, which
is not true. If L; and L, are monic linear matrix pencils and we restrict
ourselves to x-homomorphisms 7 mapping into finite dimensional spaces, then
Vo can be chosen to be isometric if and only if span{A;,..., A,} does not
contain a positive definite matrix by [HKM12, Remark 4.4].

(2) If 77 is finite-dimensional, then every unital *-homomorphism = : B(J4) —
B(#) is unitarily equivalent to the direct sum of the identity x-homomor-
phism. Hence if 7% is infinite-dimensional, then we can replace in Theorem

3.2.13 above
(82 (5 8])

@[ 8 (1) }’ @[ [E)l 8 ] and @[q respectively.
=1 i=1

=1 1=
If 7% is finite-dimensional, then those sums are finite as in [HKM13b, Corollary
3.7] and [HKM12, Corollary 4.1].

by

(3) The assumption of monicity of pencils can be replaced by the assumption of
nonempty D, and the existence of an invertible positive definite element in
the linear span of coefficients of L;. In the statement of Theorem 3.2.13, V
then becomes a bounded operator, which is not necesarrily a contraction.

If .74 is finite-dimensional of dimension n, then the inclusion Dy, (n) C Dg,(n)
is sufficient for the conclusion of Theorem 3.2.13 to hold.

Theorem 3.2.15 (Operator-to-matrix linear Postivstellensatz). Suppose that L, =
9
In + Z Az € Sys(x) is a monic linear operator pencil and Ly € Sy(x), n € N, is

j=1
a monic linear matrixz pencil. The following statements are equivalent:

(1) DLl(n) C DLQ(”)'

(2) There exist a separable real Hilbert space # , an isometry V : R™ — &, and
a unital x-homomorphism 7 : C*(Sagoz) — B(X") such that

Lz(:v):V*w([g (1)1)V—|—V*7r([ b SDV

(8) There exist a separable real Hilbert space J&, a contraction Vo : R" — &,
a unital x-homomorphism my : C*(Sa) — B(X) and a positive semidefinite
matriz S € S,, such that

LQ(ZE) =S+ ‘/0*77'0([/1)%.
Moreover, if D, = Dy er,, then Vo in (3) can be chosen to be isometric and
S =0.

Proof. By Theorem 3.2.5 (3), Dy, (n) C Dy, (n) implies Dy, C Dy,. Now everything
follows by Theorem 3.2.13. O]
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Counterexample for non-monic pencils

We present an example which shows that the assumption of monicity of pencils in
Theorem 3.2.13 is necessary. The example is a generalization of [Zal12, Example 2].

Example 3.2.16. Let L(z) = [:16 g

Then:

] € Sy(z) be a linear matrix polynomial.

(1) The free spectrahedron of L is Dy, = ({0, })nen where 0, stands for the n x n
matrix with zero entries.

(2) The polynomial ¢(x) = z is non-negative on Dp(1).

(3) There do not exist a Hilbert space ¢, a unital *-homomorphism 7 : B(R?) —
B(%'), polynomials r; € R(z) and operator polynomials ¢, € B(R, . \x)
such that

finite finite

T = Z i+ Z (L) gy
j k

Proof. (1) and (2) are clear. Let us prove (3). For K = R2? the identity x*-
homomorphism 7 : My(R) — My(R), ie., m(X) = X for all X € My(R), and
polynomials 7; € R(z), ¢ € R**Xx) the proof is already done in [Zall2, Example
2]. Let us now prove a general case. If ", 7, r;, ¢, existed, we would have

xr = Z iy + Z (L) gy
k

J

= Z T;Tj —+ Z qZW(EH)qk -+ Z qZﬂ'(Eu + Egl)qu, (321)
J k k
where all sums are finite. Let us write
N, M,
Tj(%) = Z Tjmx € R<$>7 qk<x) = Z qk,mT € B(R,%Xl‘%
m=0 m=0

where N; € Ny is such that 7; x, # 0 and My € Ny is such that gz a7, # 0. Comparing
the coefficients at 1 on both sides of (3.2.1) we get

0= Z TJQ‘,O + Z @07 (E11) Gk 0-
!

J

7r<En>:7T(H 8])ﬂ([é SDZWWJ 8D

m(En) = n(Ey) = n(En),

7(FE11) is a hermitian idempotent, hence a projection. Therefore

ZQZ,OW(EM)%O = ZQZ,O(W(EH))*W(EM)%O > 0.
k K

Since

and
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Thus,
750 = 2 dhaln(En)) n(FJako = O

It follows that
70 =0 and 0=7(Ewu)qo = qom(Eun)" € B(A,R).
Indeed,
0 = (((m(E1)ar0) 7 (E11)aro)1, 1) = (m(En)qeol, m(Ei)qeol) = |7 (E11)arol|-

It follows that
Ran(qy) € ker(mw(Ey)(H)).

Hence,

QZ,OW(EH + E91)qro = QZ,OW(EHEH + B9 Ev1) g
= G 0T (E11E12)qro + g1 o7 (B2 Ei1)qro
= Goom(En) m(E2)aro + g om(Ea1) m(Ei)qro = 0.
———

—_———
=5 o7 (E11)*=0 0

The coefficient at x on the right hand side of (3.2.1) is
Z ri1 Tio + Z Tio Tl Z Qg m™(E11)qro + Z Qoo (E11) qra +
J \0/-/ j \0,./ A HO/—/ & \HO,_/

+ Z Qo7 (Er2 + Eo1)qro = 0.
k NV

0

The coefficient at x on the left hand side of (3.2.1) is 1 which is a contradiction.

This finishes the proof.

3.2.2 Polar duals

In this subsection we describe operator free Hilbert polar duals of an operator free
Hilbert spectrahedron (see Theorem 3.2.17 below) and an operator free Hilbert spec-
trahedrop (see Theorem 3.2.18 below), extending Theorems 3.1.3 and 3.1.4 from

matrix to operator pencils. Both results are consequence of Theorem 3.2.13.

Theorem 3.2.17. Let 7, % be separable real Hilbert spaces and A := (Ay,..., Ay)

a tuple of self-adjoint operators A; € S,». Then:
(1) (Dp,)"° =cop”{A@® 0g}.
(2) If Du,, = Du,,, then co%”{A} = co”" {B}.
(3) coip”{A}" = Dy,.

In particular, it is true that:

(4) (Dr,)° = co™{A& O},
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(5) If Di,, = Dug,, then co™{A} = co™*{B}.
(6) co™{A}" = Dr,.

Proof. First we will prove the inclusion coh”{A @ 0%} C (Dy,)”°. Let us take
X = V'r(A® 0%)V € coP"{A}(K), where K is a closed subspace of %, 4 a
separable real Hilbert space, V' : K — & a contraction and 7 : C*(Sagoz) — B(¥Y)
a unital *-homomorphism. We have to prove that LX|DLA = 0. For every Y € Dy, ,
we have

g
Lx(Y) = Lysnqagogyv (Y) = Ik @ [+ V'n(4; @ 0)V ® Y]
j=1
g
= (Ve (Uy@I+) 7(A;®0)Y,)(VeI).
j=1

Using that

g
L;@IJFZ jO0R) QY = (@ (Ixy @1+ ) (A;®O0r)®Y))
j=1
= (1 ® I)(Lago,(Y)) = 0,

where the last inequality follows by 7 ® I being a x-homomorphism, it follows that
X € (DLA)%/’O.

Let us now prove the inclusion (Dy,,)?*° C cob”" {A®0%}. Suppose that X € S%
belongs to (Dr,, ) °(K) where K is a closed subspace of J#". We have to prove that
X € cop”{A @ 03 }(K). By assumption Ly|p, = 0. Using Theorem 3.2.13 (2)
there exist a separable real Hilbert space ¢4, an isometry V : K — ¢, a unital x-
homomorphism 7 : C*(S4g0¢) — B(¥) and a positive semidefinite operator S € Sk
such that Ly = S + V*W(LA@O%)V. In particular,

X =V*n(A® 0LV € co"{A D 0L}

This concludes the proof of (1).
If Dy, = Duy,,, then both unital maps

T:SA—>SB, AjHBj,

and its inverse

-1 2SB—>SA, ij—>Aj,
are well-defined and completely positive by Theorem 3.2.5 (2). Now for every tuple

X = (V*'n(B1)V,...,V*'n(B,)V) € cop"{B},

the map
Vir(r(:)V :Sa— B(X), X=V'n(r(-)V

is unital completely positive and hence X € co’)”{A} by the use of the Arveson’s

extension theorem and the Stinespring’s dilation theorem. Analogously we conclude
that every X € co’p” {A} belongs to co’)” {B}. This proves (2).
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The inclusion co)™{A}° C Dy, in (3) is clear, since in particular A € co’)”{A}
and so Ly(A4) »= 0 for every Y € co?*{A}°. By the canonical shuffle we get
LA(Y) > 0 which means that Y € Dp,. It remain to prove the inclusion Dy, C
cop"{A}°. Let us take X = (X1,...,X,) € Dy, (n) and

Y =(V'r(A)V,..., V'n(4,)V) € (coP{A})(K).
We have

Ly(Y)=1,®Ix = zg:(Xj ® Vir(A;)V)

Jj=1

=(I,® V)*((In Q) (I, ® Ix + in ®Aj)>(fn V).

J=1

= (L@ V) (L @) (Lx(A)) (L, ® V) 20,

where we used that L(X) = 0 and by the canonical shuffle also Lx(A) > 0. Since
X €Dy, and Y € co’0”{A} were arbitrary, this proves that Dy, C co%™{A}".

(4), (5) and the inclusion (D) of (6) are special cases of (1), (2) and the inclusion
(D) of (3), while for the inclusion (C) of (6) we notice that V*AV € co™{A} for
every isometry V' € B(R™, %) where m € N, and hence by Lemma 3.2.2 for every

Y € com®{A}° we have La(Y) = 0,i.e.,Y € Dy,. O
g h

Theorem 3.2.18. Suppose L = I, + Zijj + ZFkyk € SAx) is a monic
j=1 k=1

linear operator pencil and K = proj, Di{’/ its operator free Hilbert spectrahedrop.
The operator free Hilbert polar dual K7 ° is the operator free set given by

KH e = {(Al,...,Ag) €S%: (Ay,...,A,,0,...,0) eDf"’}

={(A1,...,Ay) € S : 3 a separable real Hilbert space 4, an isometry
Vi — 9 and *-homomorphism 7 : C*(Sages) — B(¥) such that

A Q; 0 . 'y O
for all j, k - A]—Vﬂ'(|: 0 0})V,0—V7r({ 0 O])V}'

Moreover, if D, = Dyrg1y), then

KF o = {(Al,...,Ag) €% (Ay,...,A,0) € Df‘O}
={(A1,..., Ay) €S : 3 a separable real Hilbert space ¢, an isometry
V:H — 9 andx-homomorphism 7 : C*(S4) — B(¥) such that
forall j,k: A; =V*n(Q)V, 0=V"r(Ty)V}.
Proof. By definition,
KX°={AeS%: La(X) = 0VX € K}

={A€eS): Lag(X,Y)=0V(X,Y)e D/}
= {A €S9, : (A,0) € Df"’}.

Now we use Theorem 3.2.13 and obtain the statements of the theorem. O
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An important case of the equality Dnj; = Dn(qp, in the notation of Theorem
3.2.18 occurs if (proj, D7 )(1) is bounded.

Proposition 3.2.19. Assume the notation as in Theorem 3.2.18. If the set K(1)
is bounded, then Dny, = Di(1g1,)-

Proof. Take Z := (Xo, X1,..., Xy, Y1,...,Y)s) € Duy. By Lemma 3.2.10 (2) we have
to prove that Xy > 0. We argue by contradiction. Assume that X, 7/ 0. As in the
proof of Proposition 3.2.11 we may assume that n = 1, i.e., Z € R9""*1 and X, < 0.
For every t > 0 we also have "L(tZ) = 0. Since tX;, < 0, it follows that

"L, EX, . X, 1YY, tYG) = PL(tZ) = 0,

Therefore
(tXq,...,tX,) € K(1) for every t > 0.

If (Xi,...,X,) # 09, this contradicts the boundedness of I(1). Else (X3,...,X,) =

09. But then
h

D Vi Tw = =Xo- L = |Xo| - Le,

k=1

and hence for every (Xi,...,X,) € RY there exists t > 0 such that

g h
L+ X;-Q+ Y YTy =0,
k=1

J=1

This again contradicts the boundedness of IC(1). O

3.3 Linear Gleichstellensatz

In this section we consider the equality of free Hilbert spectrahedra. Our main
result, Theorem 3.3.1 below, extends Theorem 3.1.2 from monic linear matrix pencils
with bounded free spectrahedra to monic linear operator pencils with coefficients
which are compact operators and arbitrary free Hilbert spectrahedra (not necessarily
bounded ones). Moreover, we show in Subsections 3.3.3 and 3.3.4 that Theorem
3.1.2 does not extend from linear matrix pencils to arbitrary linear operator pencils.
More precisely, in Subsection 3.3.3 we present a linear operator pencil that does not
have a whole subpencil which is o-minimal, while in Subsection 3.3.4 we give two
o-minimal linear operator pencils with the same free Hilbert spectrahedron but are
not unitarily equivalent. In Subsection 3.3.2 we present the characterizations and
existence of minimal tuples of compact operators and o-minimal monic pencils with
compact operator coefficients.

3.3.1 Compact operator coefficients

The main result of this subsection is the following.
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Theorem 3.3.1 (Linear Gleichstellensatz). Let 7€ and % be real separable Hilbert
spaces. Suppose A = (Ay,...,Ay) €S’ and B := (By,...,B,) € %, are tuples of
compact self-adjoint operators such that monic linear operator pencils Ly and Lg
are o-minimal. Then Dy, = Dy, if and only if A and B are unitarily equivalent.

Theorem 3.3.1 was first proved for finite dimensional .77, 2" and bounded Dy, , =
Dy, in [HKM13b]. By extending the approach from [HKM13b] in two different
directions, Theorem 3.3.1 was simultaneously proved for finite dimensional ¢, &
and arbitrary Dy, = Dy, in [Zall7], and for separable infinite dimensional Hilbert
spaces ¢, % and free Hilbert spectrahedra satisfying Dn;,, = DhLAeBO% = DhLB@oﬂ% =
Dy, in [DDSS+|. The only remaining case of Theorem 3.3.1, i.e., J is infinite

dimensional and Duy,, # DhLA%g or J is infinite dimensional and Dy, # DhLB@Og

R R

cannot occur by Lemma 3.3.17 below. Therefore the results from [HKM13b], [Zal17],

[DDSS+] together cover Theorem 3.3.1. In this subsection we present a unified
approach which proves Theorem 3.3.1.

The proof of Theorem 3.1.2 in [HKM13b] consists of the following three major

results:

(1) Characterization of monic o-minimal matrix pencils with bounded free spec-
trahedra via the properties of the unital C*-algebra generated by the coeffi-
cients of the pencils (see [HKM13b, Proposition 3.17] where the assumption
truly linear pencil should be replaced by monic linear pencil). The proof uses
Arveson’s noncommutative Choquet theory [Arv69, Arv08, Arv10].

(2) Classification of real finite dimensional C*-algebras (see [HKM13b, Proposition
3.14)).

(3) Classification of real *-isomorphisms between real finite dimensional C*-alge-
bras (see [HKM13b, Proposition 3.15]).

To extend Theorem 3.1.2 from monic linear matrix pencils with bounded free spec-
trahedra to monic linear matrix pencils with arbitrary free spectrahedra, one needs
to extend the characterization in (1) above to such pencils first. In fact one needs
to extend only the implication (=) of [HKM13b, Proposition 3.17] which can be
done by small adaptations in the proof (see [Zall7, Proposition 3.8]). Then The-
orem 3.3.1 for matrix pencils follows by an extended analysis (see [Zall7, §3.1]).
In [DDSS+], Theorem 3.3.1 was extended from monic linear matrix pencils with
bounded free spectrahedra to monic linear operator pencils with compact operators
as the coefficients and bounded free Hilbert spectrahedra, using the same approach
as in [HKM13b]. They defined the notion of a minimal tuple of operators, charac-
terized minimal tuples of compact operators via the properties of the corresponding
unital C*-algebra as in (1) above (see [DDSS+, Proposition 6.3]) and replaced the
use of (2) and (3) above by the classifications of C*-algebras of compact operators
[Arv79, Theorem 1.4.5] and #-isomorphisms between elementary C*-algebras [Arv79,
Corollary 3|, respectively.

In this subsection we first show, that for tuples of compact operators, minimality
of a tuple A € S% coincides with o-minimality of a monic pencil "L, € S%/(x)
which in case Dy, , is bounded further coincides with o-minimality of a monic pencil
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Ly € $°%(x). Then we prove Theorem 3.3.1 for operator pencils with compact
operators as the coefficients by an analogous analysis as in [Zall7, §3.1] for matrix
pencils.

Matrix ranges and minimality

Let A := (Ay,...,4,) € S% be a tuple of self-adjoint operators on a separable real
Hilbert space . Recall that C*(S,4) stands for the unital C*-algebra generated
by A, i.e., the smallest unital C*-algebra in B() which contains the operators
Ay, ..., Ay, We will use ucp for unital completely positive and wuci for unital com-
pletely isometric.

The matriz range [DDSS+, §2.2] of a tuple A is the free set

W(A) = [ Wa(4),

neN

where

Wi(A) ={(7(A1),...,7(Ay)): 7: C*(Sa) = M,(R) is a ucp map}.
Proposition 3.3.2. W(A) = co™{A}.
Proof. The equality is an easy consequence of the Stinespring’s dilation theorem. [J

If 09 € W,(A) for every n € N where 0,, denotes n X n matrix with zero entries,
then we write 0 € W(A).
Proposition 3.3.3. 0 € W(A) if and only if Dy, = D, oo

R
Proof. By definition, 0 € W(A) if and only if for every n € N there is a ucp map
T, : C*(S4) — M,(R) mapping each A; to 0,. Since every ucp map from Sy to
M, (R) extends to some ucp map from C*(S4) to M,(R), we have that 0 € W(A)
if and only if for every n € N the map 7, : S4 — M, (R) defined by I, — I,
A — 09, is a well-defined ucp map. By Theorem 3.2.5 (2) this is equivalent to
the inclusion Dy, C Dy, - Cleary, this inclusion is equivalent to the fact that
X = (Xo,...,X,) € Dy, implies that X, >~ 0. Finally, by Lemma 3.2.10 (2) this is
equivalent to Dy, = DhLA@OD% . ]

Let H C JZ be a closed subspace of .7 which is invariant under each A;, i.e.,
A;H C H. Since each A; is self-adjoint, it also follows that A;H+ C H*, ie., H
is automatically reducing for each A;. Hence, with respect to the decomposition
= H @ H, A can be written as the direct sum

A=Alge Ay,

We say that A|y is a subtuple of A. If H is a proper closed subspace of .77, then
Al is a proper subtuple of A. If W(A) = W(A|n), then Aly is a whole subtuple of
A. If L has no proper whole subtuple, then A is minimal.
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Equalities of free Hilbert spectrahedra, matrix ranges and uci maps

The following proposition connects the equality of free Hilbert spectrahedra, the
equality of matrix ranges and the existence of a unital complete isometry between
given tuples. The equivalence (2) < (3) is from [DDSS+].

Proposition 3.3.4. Let A := (Ay,...,A;) €S’ and B := (By,...,B,) € S be
tuples of self-adjoint operators. Then the following statements are equivalent:

(1) Di, = Dy, .
(2) W(A) = W(B).

(3) The unital linear map 7 : Sqa — Sp sending A; to B; is well-defined and
completely isometric.

Proof. Since a uci map is the same as a ucp map with a ucp inverse, the equivalence
(1) & (3) follows by Theorem 3.2.5 (2). To prove the implication (2) <= (3) notice
that if ¢(B) = C € W(B) for some ucp map ¢, then (¢ o 7)(A) = C and hence
C € W(A). Thus, W(B) € W(A). Replacing the roles of A and B and 7 with
7! we obtain the other inclusion, i.e., W(A) C W(B). Finally, we prove the
implication (2) = (3). Notice that for every finite dimensional projection P we
have that PBP € W(B). By (2) there exists a ucp map 7p : Sy — Sppp. Let
(Py)nen be an increasing sequence of projections where P, maps onto n dimensional
subspace of #. Then the sequence (7p,), of ucp maps weakly converges to a ucp
map 7 : S4 — Sp sending A; to B;. O

Remark 3.3.5. The equality Du,, = Duy, clearly implies Dy, = Dy,,. If Dy, (1) is
bounded, then Dy, = Dy, implies Dy, = Dy, .. Hence, for a bounded set Dy, (1)

we can replace Dun,, = Dv, . by Dr, = Dy,.

Minimality of A and o-minimality of L4, "Ls and "L 09

We defined two notions of minimality, i.e., minimality of a tuple of self-adjoint
operators and o-minimalitiy of a linear operator pencil. The connection between
minimality of A € S%, and o-minimality of "L, € S%(x) is the following.

Proposition 3.3.6. Let A € S, be a tuple of self-adjoint operators. A tuple A is
minimal if and only if a linear operator pencil "L 4 is o-minimal.

Proof. The equivalence in the proposition easily follows from the equivalence (1) <
(2) of Proposition 3.3.4. O

The following proposition, which will be crucial in the proof of Theorem 3.3.1 in
case 0 ¢ W(A) or 0 ¢ W(B), states what can be said about o-minimalities of L 4
and "L Asog 1f L4 is o-minimal.

Proposition 3.3.7. Let A := (Ay,..., Ay) € S%, be a tuple of self-adjoint operators.
Suppose L4 is a o-minimal pencil. Then:

(1) The pencil "L 4 is o-minimal.
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(2) If D, # D"LA@oﬂi’ then the pencil hLA@of{ is o-minimal.
To prove Proposition 3.3.7 we will use the following two lemmas.
Lemma 3.3.8. Let A := (Ay,...,A,) € S%, be a tuple of self-adjoint operators.
9

Suppose L4 is a o-minimal pencil. Then ﬂker A; = {0}.
i=1
Proof. Let us write J = (_, ker A;. We have A = A[;. @& 0% where 0; is the zero
operator on J. Note that Dy, = DLA| K Since L, is o-minimal, we have J+ = J2Z.
J

Hence J = {0} which concludes the proof of the lemma. O

Lemma 3.3.9. Let ¢ be a Hilbert space, A € S » an operator, H < 7 a reducing

subspace of A and Py, Py. the projections to H and H*, respectively. Then h €
ker A if and only if Pyh € ker(A) and Py.h € ker(A).

Proof. Notice that Ah = A(Pgh+ Py1h) = APyh+ APy h. Since H is a reducing
subspace of A, we have APyh € H and APy.h € H-. Hence Ah = 0 if and only if
APyh =0 and APg1h = 0 which proves the lemma. ]

Proof of Proposition 3.3.7. To prove (1) first note that
(X1,...,Xy) € Dp,(n) & (I, X1,...,Xy) € D, (n).

Hence if there is a proper closed subspace H C . which is reducing for A and such
that Dny, = DhLA‘ , then in particular Dy, = DLA\H' This is a contradiction with
the o-minimality of L 4.

Now we will prove (2). We assume that Dy, # DhLA®OH% . We will prove that

If b7, Asog o-minimal by contradiction. Let us assume then there is a proper closed
subspace Hy; C ¢ @ R which is reducing for A @ 0% and such that

D, =D .
Lawog ‘L(AEBO]]%)‘Hl

We have A® 0 = (A®OR)|m, ® (A®Of)| . Since L is o-minimal, it follows that

g9 g
m ker A; = {0} by Lemma 3.3.8. Hence, ﬂker(AZ- ® Or) = span{0,» ® 1g}, where

i=1 =1

g

0,» denotes the zero vector in . By Lemma 3.3.9, we have that h € ﬂ ker(A; ©Og)
i=1

if and only if

g g
Py h € ﬂ ker(4; ® 0g) and Pyrh € ﬂ ker(A; @ Og).

=1 =1

g

Since dim (ﬂker(Ai o oR)) = 1, it follows that 0, ® 1 € H, or 00 ® 1 € Hi. If
i=1

O d1e Hll, then H; C 7. But then L(A@OD%)IHl = LA\Hl and hence

2 = = 2
DhLA DhLAEBO]?{ DhLAHl = DhLA

h
L(aeod) i,
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which is a contradiction. Hence 04 @ 1 € H; and therefore

(A S OHQQ)lHl = (A D 0]?@)|Hlﬁspan{03f@1}L ¥ ngan{03f®l}

— g
- A|Hlﬂspan{0%€91}i- D Ospan{OL%)EBl}‘

Therefore,

DhL - DhLA‘

() Dur,s

Aol DhL(AGBOg)\H : +
R R 1 HjNspan{0 z ®1} span{oﬁf@l}

In particular, Dy, = Dy, . Since L4 is o-minimal, it follows

A@O]}% - LA‘Hlﬂspan{O%@l}L
that H; Nspan{0, @ 1}*+ = 2. But then H; = 5 & R which is a contradiction.
Hence "L Asog 18 o-minimal. O]

Corollary 3.3.10. Let A € S%, be a tuple of self-adjoint operators. Suppose Ly is
a o-minimal pencil. Then:

(1) A tuple A is minimal.
(2) If 0 ¢ W(A), then a tuple A ® 0% is minimal.
Proof. Corollary follows by Propositions 3.3.3, 3.3.6 and 3.3.7. m

By Corollary 3.3.10, if L4 is o-minimal, then A is minimal. By example below,
the converse is not true. Therefore o-minimality of L, is a stronger requirement
than minimality of A.

10

Example 3.3.11. Let A = [ 00

} € Sy. The matrix A is minimal, but the pencil

L 4 is not o-minimal.
Proof. Clearly we have that

Dy, = | J{XeS: X = -1},

neN

and
Duy, = [ J{(X0,X1) €S}: X1 = —X; and X = 0}.

neN
Hence 1 4 z is a o-minimal whole subpencil of L, and L4 is not o-minimal. Since
A has two one-dimensional eigenspaces, the only proper subpencil of "L, are £, :=
o+ X1 with

Dgl = U{(XD>X1) S Si Xl t —Xo},
neN

and ¢y := zg with

Dy, = | J{(Xo,X1) €S2: Xo = 0}

neN

Since Duy,, © Dy, for i =1,2, BT, 4 is o-minimal. By Proposition 3.3.6, A is minimal.

=
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Minimal tuples of compact operators with the same matrix range

Tuples A := (A,..., Ay) € S% and B := (By, ..., By) € SY, are unitarily equivalent
if there exists a unitary operator U : 5 — ¢ such that A; = U*B;U for each j. We
write A = U*BU. By the following theorem minimal tuples of compact operators
are unitarily equivalent.

Theorem 3.3.12. Let %, A be real separable Hilbert spaces and A € S%,, B € S%,
minimal tuples of self-adjoint compact operators. Then W(A) = W(B) if and only
if A and B are unitarily equivalent.

In this generality Theorem 3.3.12 appears in [DDSS+, Theorem 6.5]. The idea
for the proof is the same as for the proof of [HKM13b, Theorem 1.2] which is for finite
dimensional ¢, #. Namely, one characterizes minimal tuples via the properties
of the (unital) C*-algebra spanned by the coefficients of the tuple (see Theorem
3.3.14 below) and then uses classical results about x-homomorphism between two
such C*-algebras.

Now we are ready to prove Theorem 3.3.1. The proof does not follow directly
by Corollary 3.3.10 (1) and Theorem 3.3.12; since for o-minimal pencils L4 and Lp
with Dy, = Dr, we only know that A and B are minimal tuples but we do not
know (yet) that W(A) = W(B) to be able to use Theorem 3.3.12 directly. Therefore
the proof requires some case analysis in which we essentially use Corollary 3.3.10
(2). Hence Corollary 3.3.10 (2) can be seen as the crucial observation in the proof
of Theorem 3.3.1 for unbounded free spectrahedra.

Proof of Theorem 3.3.1

By Corollary 3.3.10 (1), A and B are minimal tuples. If W(A) = W(B), then A
and B are unitarily equivalent by Theorem 3.3.12 and we are done. Assume that
W(A) # W(B). We will prove that this leads to a contradiction. By the equiva-
lence (1) < (2) of Proposition 3.3.4 we have that Dy, # Dy ,,. Note that DLA@OH% =

Dy, =Dr, =Dy, ,, and by Theorem 3.2.5 (7) it follows that DhLA®Og = Du,
R

1 .
B®Of,
Therefore at least one of _DhLA@Og C Dy, and DhLB®0g C Dy, is true. We separate

R R

g
R
three cases:

Case 1: DhLAQ)OD% C Dy, and DhLBe;oﬂi = Duy ..

By Proposition 3.3.7 (2), 'L Agog 1S @ o-minimal pencil or equivalently by Propo-
sition 3.3.6, A @ 0% is a minimal tuple. Since DhLA®Og = Dy, we have that

W(A®0F) = W(B) by the equivalence (1) < (2) of Proposition 3.3.4. By Theorem
9

3.3.12, A®0f, and B are unitarily equivalent. Since span{0,,®1} = ﬂ ker(A;®0%),
i=1

it follows that (?_, ker(B;) # {0} which contradicts to c-minimality of Lg by

Lemma 3.3.8.

: - = .
Case 2 DhLBéBOH% - DhLB and DhLAEBOD‘% _DhLA
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This case is analogous to the case 1 where we change the roles of A and B.
Case 3: DhLAeBOh% C Dy, and DhLBEBO]% C Dup,,.

By Proposition 3.3.7 (2), "L Agog and by, Beog are o-minimal pencils or equivalently

by Proposition 3.3.6, A @ 0% and B @ 0% are minimal tuples. Since DhLA®Og =
R
Dy, o> we have that W(A & 0) = W(B & 0%) by the equivalence (1) < (2) of
R
Proposition 3.3.4. By Theorem 3.3.12, A ® 0% and B & 0% are unitarily equivalent.

Thus there is a unitary operator U: # &R — # &R such that

AG0Y = U“(B® 0%)[7, and whence B ® 0} = U(A® 03)U"
Write U in the form

U1 U2

ﬁ:{Un Ulz}’

where Uy, 1 0 — ', u1a - R — ' ugy » A — R and ug - R — R are bounded

linear operators. Therefore U* is of the form
e [ Uty s }
uyy Uy |’

where Uf, : H — A, uiy: A — R, ul; : R — 5 and ul, : R — R are the adjoints
of Uu, U12, U21 and U929, respectively.
For every j =1,...,g9 we have

0= (A; @ 0r) (0 ®1) = U*(B;(uizl) ®0).

g
Since U* is unitary, it follows that B;(u121) = 0. Therefore u;51 € ﬂ ker B;. Since
j=1

g

Lp is o-minimal, we must have ﬂ ker B; = {0} by Lemma 3.3.8. Hence uj21 =0
j=1

which means that u;s = 0. Analogously by changing the roles of A and B we argue

that u; = 0 and hence ug; = 0. But then U = Uy; @ uge and

[Jf’ D [R = (7*(7 = (UflUll) D (USQUQQ),

Ly @ In = UU" = (UnUj;) ® (u22ug,y).
In particular, Uj\Unn = L and Uy Uy, = 1. Since we also have B = Uy AU,
and A = U}, BUy, it follows that A and B are unitarily equivalent which implies
that W(A) = W(B). But this contradicts the assumption W(A) # W(B) at the

beginning of the proof of Theorem 3.3.1. Hence even Case 3 does not occur. This
concludes the proof of Theorem 3.3.1. n

Corollary 3.3.13. Suppose A := (Ay,...,Ay) € S% and B := (By,...,B,) € S,
are tuples of compact self-adjoint operators such that monic linear operator pencils
Ly and Lg are o-minimal. Then the following statements are equivalent:

(1) D, = Dyp,.
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(2) D, = Dig,.
(3) W(A) = W(B).

Proof. By Corollary 3.3.10 (2), A and B are minimal tuples. Now the equivalence
(1) < (3) follows by Theorems 3.3.1 and 3.3.12, while the equivalence (2) < (3) by
the equivalence (1) < (2) of Proposition 3.3.4. O

3.3.2 Minimality

The main results of this subsection are the characterizations and existence of minimal
tuples of compact operators (see Proposition 3.3.14 and Theorem 3.3.15) and o-
minimal monic pencils with compact operator coefficients (see Corollaries 3.3.20
and 3.3.16).

Characterization and existence of minimal subtuples of compact opera-
tors

Let A := (Ay,...,A,) € S% be a tuple of self-adjoint operators on a real separable
Hilbert space . and S4 the operator system generated by A. The Silov ideal for
the operator system Sy, is defined as the biggest two sided ideal of C*(S,4) such that
the natural map

C*(S4) = C*(Sa)/K, a—a+ K

is completely isometric on S4. (Note that the existence and uniqueness of the Silov
ideal is nontrivial.)

Let C*(A) be the smallest C*-algebra which contains Ay,..., A,. We say a *-
homomorphism 7 : C*(A) — B(¥') is nondegenerate, if its kernel

ker(m(C*(A))) ={k e A : n(X)k =0 for all X € C*(A)}

is trivial. If J# is a subspace of #, invariant under all 7(X), X € C*(A), then
mo(X) = 7m(X)|x is a subrepresentation of C*(A). Let w : C*(A) — B(¥) be
another x-homomorphism. We say 7m and w are equivalent if there is a unitary
operator U : 4 — # such that w(X) = U'n(X)U for all X € C*(A). If # =¥
and {7(X)# : X € C*(A)} is orthogonal to {w(X).# : X € C*(A)}, then 7 and w
are orthogonal. We say a x-homomorphism 7 is multiplicity free if m does not have
two non-zero orthogonal equivalent subrepresentations.

Proposition 3.3.14 below characterizes o-minimal pencils of the form "L, or
equivalently minimal tuples of compact operators. It was first proved for matrix
pencils of the form L4 with bounded free spectrahedra [HKM13b, Proposition 3.17].
The implication (=) of [HKM13b, Proposition 3.17] easily extends to matrix pencils
L 4 with arbitrary spectrahedra [Zall7, Proposition 3.8]. On replacing matrix pencil
L4 with "L 4 one in fact obtains the equivalence. The version for tuples of compact
operators below is [DDSS+, Proposition 6.3].

Proposition 3.3.14. Let 5 be a real separable Hilbert space and A := (Ay,..., Ay)
a tuple of compact self-adjoint operators A; € Sy-. The following statements are
equivalent:
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(1) A pencil "L 4 is o-minimal.
(2) A tuple A is minimal.

(8) The Silov ideal of Sy inside C*(S,4) is trivial and the identity representation
of C*(A) is multiplicity free.

Minimal whole subtuple of a tuple of compact self-adjoint operators exists by
the following.

Theorem 3.3.15 (Davidson, Dor-On, Shalit, Solel). Let s be a real separable
Hilbert space and A := (Ay,..., Ay) € S% a tuple of compact self-adjoint operators.
There exists a minimal whole subtuple of A.

Existence and characterization of c-minimal subpencils of monic pencils
with compact operator coefficients

As a consequence of Theorem 3.3.15, a o-minimal whole subpencil of a pencil L4
with compact operator coefficients also exists and can be easily obtained in case
0 € W(A) and A is minimal.

Corollary 3.3.16. Let 7 be a real separable Hilbert space and A := (Ay,..., A,) €
SY% a tuple of compact self-adjoint operators. Then a pencil Ly has a o-minimal
whole subpencil. Moreover, if 0 € W(A) and A is minimal, then one of the following
statements is true:

g
(1) dim (ﬂker(AQ) =1 and Ly | is a o-minimal whole subpencil of
i=1 n

( 9_, ker(Ai))

Ly.
g

(2) m ker(A;) = {0} and Ly is a o-minimal pencil.
i=1

In the proof of Corollary 3.3.16 we will use the following lemma.

Lemma 3.3.17. Let 7 be a real separable infinite dimensional Hilbert space and
A= (Ar,..., Ay €S% a tuple of compact self-adjoint operators. Then 0 € W(A).

Proof. Assume on the contrary that 0 ¢ W(A). It follows that there is a tuple
(Xo,...,X,) €SIt such that

"La(Xo,...,X,) =0 and X, #0.
Hence there is v € R™ such that (Xyu,u) = —1 and
"La( =1, (Xqu,u) ..., (Xgu,u)) = 0.
But then .
ZAj(Xju, u) = Ly,

j=1
which is a contradiction, since the operator 25:1 A;(Xju,u) is compact. This con-
cludes the proof of the lemma. O
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Now we are ready to prove Corollary 3.3.16.

Proof of Corollary 3.3.16. If 5 is finite dimensional, then the statement of the
proposition is clear. If # is infinite dimensional, we have 0 € W(A) by Lemma
3.3.17. To prove the second part of Corollary 3.3.16 simultaneously, we do not as-
sume that 77 is infinite dimensional. By Theorem 3.3.15 there is a minimal whole
subtuple A of A. Therefore W(A) = W(A) or equivalently by Proposition 3.3.4,
Dy, . = Duwp,. In particular, D = Dp,. Therefore we may assume that A is
already minimal. We separate two cases.

Case 1: L4 is not o-minimal.

Since L, is not o-minimal, there exists a proper reducing subspace H < ¢ of
A such that Dy, Ay = = Dy,. We also have Dy, Al # Duy,, since otherwise it follows
by Proposition 3.3.4 that W(A|g) = W(A) which contradicts to minimality of A.

Claim. ﬂker )|m) ={0}.

=1

g
Proof of Claim. We denote J := ﬂ ker((A;)|m). Then A|g is unitarily equivalent to

=1
Alpnsr @0, where 05 denotes the zero operator on J. If J # 0, then DhLAl = Dy,

which is a contradiction. This proves Claim.

Now notice that DLA\HeaOR = Dr,,, = Dr, and since 0 € W(A|g @ Og) and
0 € W(A), it follows by Propositions 3.3.2, 3.3.3 and 3.2.17 that

W(A|n @ Or) = Dj =Dj, =W(A).

La|yeop

By Theorem 3.3.15 there is a subspace Hy C H @ R such that (A|g @ Ogr)|y, =
(A @ Og)|y, is a minimal whole subtuple of A|y @ Og. In particular,

W((A & Or)|w,) = W(A),

and
Al ®0g = (A® Og) |, © (AD® Og)| -

By Claim 2 we conclude that

ﬂker )|g @ O0r) = span{0,, & 1},

g

where 0,0 @ 1 € H @ R. By Lemma 3.3.9, we have that h € ﬂ ker((A;)|g @ Og) if
i=1

and only if

g g
Py, h € m ker((A;)|gr ®O0r) and Pyih € ﬂker((Ai)|H ® Og).

i=1 i=1
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Since dim <ﬂker oIl EBOR)> =1, it follows that 0,y &1 € Hy or 00 &1 € Hi .
i=1

If 00 ®1 € Hi, then H; < H and hence A|g, = (A ® Og)|g, is a minimal proper

whole subtuple of A which contradicts to minimality of A. Hence we must have

O, ®1€ Hy. Thus

(A s> 0]R)|H1 = Ospan{()%@l} s> A‘HU’WH;

g

where m ker((A;)|gynm) = {0}. By Theorem 3.3.12; A and (A®Og)|p, are unitarily
i=1 ,

equivalent. This implies that dim (ﬂker(AJ) = 1 and Ogpango 01} D Algnw is

unitarily equivalent to 0; & A|pg,ng where J = ﬂ ker(A;). Since
i=1

A= Algng © A, nmyL

and ﬂker I mnr) = {0}, we conclude by Lemma 3.3.9 that J C (H, N H)*.

Therefore 05 ® A|m,nm is a subtuple of A with W(0, & A|g,nrn) = W(A). It follows
by minimiality of A that H; N H = J*. Further on, H; = H = J* and Ly, is
o-minimal. This is option (1) of Corollary 3.3.16.

Case 2: L4 is o-minimal.

g9
By Lemma 3.3.8 it follows that ﬂ ker(A;) = {0} which is option (2) of Corollary
i=1

3.3.16. 0
Remark 3.3.18. Note that Example 3.3.11 is an example for Corollary 3.3.16 (1),
while
1 0
A= |: 0 —1 :| €S,
is an example for Corollary 3.3.16 (2).

Let A be a minimal tuple of compact operators. If 0 € W(A), then by Corol-
lary 3.3.16 a o-minimal whole subpencil of L4 is its restriction to the orthoghonal
complement of NZ_; ker(A;) which is zero or one dimensional. On the other hand, if
0 ¢ W(A), then A must be a tuple of matrices and by the following example, there
can be bigger difference in the size of matrices defining a whole minimal subtuple of
a tuple A and those defining a whole o-minimal subpencil of L 4.

Example 3.3.19. Let

Al = dlag <2, 0 \/\_/__ \/_ ) S 84,

22
A, = diag| 0,2, Z=— Y= 1] ¢s,.
2 1g< 2\/5—1> !
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be diagonal matrices. Then:
(1) A tuple A := (A, Ay) € S? is minimal.

(2) A o-minimal whole subpencil of L, is L; where

o) Lo ) e

Proof. Let e;, i = 1,2,3,4, be the standard coordinate vectors in R?, i.e., the only
nonzero entry of e; is the i-th one which equals to 1.

Claim. If H C R* is a reducing subspace for A, then H = spanfe;, : i; €
{1,2,3,4}}.

Proof of Claim. If H is reducing for A, then in particular it is reducing for A; and
hence also for

V2
2v/2 -1

By Lemma 3.3.9 used for A; and the matrices (3.3.1), ¢; € H or e; € H* for every
1. This proves Claim.

Ay =20, A — I, A —(2-1)1. (3.3.1)

Minimality of A follows by noticing that there is no proper reducing subspace H
for A such that Duy,, (1) = Dy, (1). This can be seen by observing that Duy,, (1) N

{—1} x R? equals to the intersection of halfspaces

1422, >0, —1422, >0,

22— 1 22— 1
The intersection has three extreme points and therefore cannot be equal to the
intersection of at most three of those halfspaces. (Otherwise it would have at most
two extreme points.)
It remains to prove that L3 is a whole o-minimal subpencil of L 4. The inclusion
Dy, C DLg is clear. Let us prove the other inclusion, i.e., DL,K C Dy,. Take

(X1, X2) € D, (n). By definition, X; > —31I, for i = 1,2 and thus

V2 2_\/§X> V2 I 2_\/51 !

W2—1 1 2217727 22v2-1)" 202v2-1) 22 — 1

2 2 2
which implies that (X, X2) € D, (n). Therefore Dy, C Dp, and Dy = Dy,.

Since L 3 is o-minimal, the proof is complete.

(\/5—1)X1+X2i—

Finally we come to characterization of g-minimal monic pencils with compact
operator coefficients.
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Corollary 3.3.20. Let J be a real separable Hilbert space and A := (Ay,..., A,) €
SY% a tuple of compact self-adjoint operators. Then a pencil L4 is a o-minimal if and

9

only if ﬂker(Ai) = {0}, A is a minimal tuple and one of the following statements
i=1

18 true:

(1) 0 € W(A).
(2) 0 ¢ W(A) and A ® 0% is a minimal tuple.
g
Proof. First let us prove the implication (=). By Lemma 3.3.8, ﬂ ker(4;) = {0}.
i=1

By Corollary 3.3.10 (1), A is a minimal tuple. Now we either have 0 € W(A) or
0 ¢ W(A) and A & 0, is a minimal tuple by Corollary 3.3.10 (2). Let us now prove

9

the implication (<=). We assume that ﬂker(Ai) = {0} and A is a minimal tuple.
i=1

If in addition (1) is true, i.e., 0 € W(A), then L, is o-minimal by Corollary 3.3.16

(2). Else if in addition (2) is true, i.e., 0 ¢ W(A) and A & 0% is a minimal tuple,

then L, is o-minimal by Corollary 3.3.16 (1) used for the tuple A & 0f. O

3.3.3 Obstructions for minimality

Example 3.3.21 below shows that in contrast with tuples of compact operators, a
general tuple A € SY%, does not necessarily have a minimal whole subtuple and
a general linear operator pencil L, does not necessarily have a o-minimal whole
subpencil.

Example 3.3.21. Let A = diag(%“) € B(¢*(N)) be a diagonal linear operator
neN
on (*(N). Then:

(1) The free Hilbert spectrahedron of L, is

Dy, = J{XeSu: X =L}

meN

(2) There does not exist a o-minimal subpencil of L.

(3) The free Hilbert spectrahedron of "L, is

DhLA — U {(X07X1> c S?n X1 ~ _X() and X1 ~ —2X0}

meN

(4) There does not exist a o-minimal subpencil of "L 4 or equivalently a minimal
subtuple of A.

(5) The C*-algebra generated by S4 is

C*(S4) = {diag()\n)neN € B(*(N)): lim ), exists}.

n—o0
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(6) Silov ideal K of Sy in C*(S,) is

K = {diag(An)nen € BIE(N)): A =0 and lim A, =0},

n—oo

(7) The C*-algebra C*(Sa) := C*(S4)/K of S4 is isomorphic to R? under the
isomorphism

¢(()\1, )\2, ceey )\n, .. )) = ()\1,7111%2.10 )\n)

(8) The pencil L4 maps under ¢ to

1
L) = (12296 1293)

The pencil (L) is o-minimal, but ¢(L,) is not o-minimal.

Proof: Let X € S,,. Then

La(X) = diag (Im + RLHX) € BEN) M,

Note that
n+1

Ly X)>=0 & X>=-—
n

I, foreveryneN & X > —-[,.

This proves (1).

Assume H is a reducing subspace for A. In particular, it is also reducing for
the operators A — 2512, n € N. Let {e;}ien be the standard orthonormal basis
for (?(N), i.e., the only nonzero entry of e; is the i-th one which is 1. We have
ker(A — 25 1p2) = span{e,}. By Lemma 3.3.9, e, € H or e, € H*. This implies
that H has an orthonormal basis {e;;: i; € N, j € N}. The subpencil L), satisfies
Dy, = Dy, if and only if the sequence (i;); diverges. But then (i;); has a diverging
subsequence which means that L4, has a proper subpencil L satisfying Dy = Dy,.
This proves (2).

Let (Xo, X1) € S2,. Then

h 1 L 2
La(Xo, X1) = dlag(Xo o 1X>%N e B(*(N)) @ M,

Note that

1
(X X)) =0 o Xy = -2

Xy for every n € N. (3.3.2)

For n = 1 we get X7 = —2X,. Sending n to oo we get X; = —Xy. This two
inequalities imply that all the other inequalities are true, since for every A € [0, 1]
we have that

Xi=AX; + (1= N)X = (=20 — (1= V)Xo = (=1 — M) X,.

This proves (3).
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As was already established in the proof of (2), a reducing subspaces H for A
has an orthonormal basis {e;;: i; € N,j € N}. Now the subpencil hr, Ay satisfies
DhLA‘H = Dy, if and only if e; € H and the sequence (i;); diverges. But then

(i;); has a diverging subsequence which means that by, Al has a proper subpencil b7,
satisfying Dy = Duy,,. This proves (4).
The C*-algebra C*(S,) is equal to the norm closure of the set {p(A): p € R[z]}.

For p(x) := Zai:pi, the operator p(A) = aolpew) + ZaA’ is diagonal and

=1

lim p(A), = Z a;, where p(A),, stands for the n-th diagonal entry of p. Hence

n—oo

C*(Sa) C {dlag(/\n)neN € B(*(N)): nh_)rrolo An exists}.

Let {ex }ren be the standard orthonormal basis for £2(N). Let P, € B(¢*(N)) be the
projection onto the span of e.

Claim 1. P, € O*(SA)

We will prove Claim 1 by induction on k. Notice that

(2L — 24) = diag (= )")neN € C*(Sy)

Therefore hm (2152 —24)Y = P, € C*(S4). Now let k € N and assume that
P, Pk—l € C*(Sa). Notice that

+1

k+1
n+1

((k + )Ieg — (k+1)A) = diag( )nEN € C*(Sa).

Since P, ..., P, € C*(S4), it follows that

E+1 k+1
B g0, 01 EELEEL Y sy
A iag( O 0 s € C*(Sa)
k—1

Therefore lim B) = P, € C*(S,4). This proves Claim 1.

j—o00
Let D := diag(A\,)neny € B(*(N)) and lim \, exists. We write A := lim A,.
n—oo n—o0
k
Then Dy, := Mp) + Z()\Z — MNP, € C*(S4) and klim Dy = D. Hence D € C*(S,)
—00
i=1

and

{diag(An)neN € B(*(N)): lim A, exists} C C*(Sa).

n—oo
This proves (5).
Now we will prove (6). First we will show the following claim.

Claim 2. If D := diag(\,)neny € K, then Ay = 0.
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Let

p: C*(SA) — C*(SA)/K
be the natural projection. Note that (Xo, X1) € Du, , (m) if and only if
Iem + K)® Xo+(A+K)® X, = B*B
for some B € C*(S4)/K ® M,,(R). In particular, if for £ € K we have

IZZ(N) ®X0+ (A+k?) ®X1 >_' 0,

then (Xo, X1) € Dur, ,, (m). Let there exist D = diag(Ay)nen € K such that A, # 0.
We may assume that A\; > 0. By (3.3.2), (=1, X1) € Du,(m) if and only if
X1 > 21, Let t € Ryy. Then

if and only if

m) . Im for every n € N. (333)
We have

1 1
lim diag (—n ) = diag <n + )
tN\O rl +tA, neN

n

< 2fort e Ryy. (3.34
Y >0 (3:3.4)

Let Fy, € M,, be the standard coordinate matrix. For ¢ > 0 small enough we
conclude from (3.3.3) and (3.3.4) that
(=1, 21, —eEy) € Dth(A).

But then Duy 2 # Dy, which is a contradiction with p being completely isometric
Therefore if D € K, then \; = 0 which proves Claim 2.

Claim 3. {diag(/\n)neN € B(A(N)): A\, = 0 and lim ), = o} C K.
n—oo
By the proof of (3) notice that

h . n

La(Xo. X1) = d (X —X) =0

4(Xo, Xq) 1ag 0+n—|—1 V) en =

<:>diag<Xg+LX1> =0 fork>2.
n+1 neN\{2,...,k}

.....

Therefore all the projection Py, k > 2, belong to K. Now let us take D
diag(\,)nen € B(£?(N)) such that A\; = 0 and lim ), = 0. For k > 2 we define

n—o0

k
Cri=>» MNP €K

=2

Since K is closed and klim Cy = D, it follows that D € K. This proves Claim 3.
—00
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To conclude the proof of (6) it remains to establish:

Claim 4. K C {diag(An)neN € B(A(N)): A\, = 0 and lim ), = o}.
n—oo
Let us assume on the contrary that there is D; := diag(A\,)nen € K such that
A =0and lim A\, = X # 0. Let us take Dy := diag(\,)neny € B(3(N)) such that

n—o0

A\ =0 and lim A\, = A € R. Then

n—oo

\ \
D,y — (DQ—XD1>+XD16K+K:K,

N A
where Dy — %Dl € K since lim (Dg — XD1> = 0. We conclude that

n—0o0

K= {diag(An)neN € B(A(N)): A\, =0 and lim A, exists},

n—oo

and hence "D, s =D Loy where
Lyay = diag(l + 2,0,...) + K.

But then
Dy, = |J{(X0, X1) € St X1 = —Xo},

meN

which is a contradiction. This proves Claim 4.

(7) easily follows form (5) and (6). Minimality of " (L,) is clear. The pencil
¢(L4) is not minimal, since

Dy = (J{X €Sn: X = — 1}

meN

and hence ¢(L,4) has a whole subpencil ¢(L4)|spanfe,} = 1 + 2. This proves (8) and
concludes the proof of the example.

3.3.4 Counterexample

The main result of this subsection is Example 3.3.22 below which shows that o-
minimal operator pencils with the same free Hilbert spectrahedron are not neces-
sarily unitarily equivalent. Hence Theorem 3.3.1 does not extend from matrix to
operator pencils.

Example 3.3.22 is constructed by the use of an outer x-automorphism [Arc79] of
the Cuntz C*-algebra C*(Si, S2) [Cun77] generated by the isometries Sy, Sy € B(H)
on a Hilbert space ¢ such that 5157 + 5255 = Id». Recall that a x-automorphism
6 is outer if there does not exist a unitary U € C*(S1, S2) such that 0(A) = U*AU
for all A € C*(Sy, 5s).
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Example 3.3.22. Let N = {1,2,...} and let ¢; be a standard unit vector on a
complex Hilbert space ¢? := ¢?(N), i.e., the only nonzero coordinate is the i-th one
which is 1. Let S; and S, be bounded operators on ¢? defined by e; + eg;_; for
i € N and e; — ey for i € N respectively. The C*-algebra C*(S1,Ss) was studied
by Cuntz [Cun77]. He showed that there is a unique x-automorphism

0: C*(Sl, Sz) — C*(Sl, 52)

such that
9(51) - SQ, (9(52) - Sl.

We claim that linear operator pencils
Ll(l’) = 142 —+ All’l + AQI’Q + A31‘3 + A4ZE4,
LQ(I’) =Ip+ Aoy + Ayxg + Aszs + A3$4,
where
Al = Sl+STEB<£2), A2 = SQ—FS;EB(gQ),
Ag:=i(S; — S7) € B(f?), Ay:=i(Sy—S3) € B(?),

are o-minimal pencils with Dy, = Dy,, but there is no unitary operator U : ? — ¢*
such that o
L2 = U*LlU or L2 = U*LlU (335)

Claim 1. DL1 = DL2.

Clearly, the C*-algebra
A = C*<A1, AQ, Ag, A4)

generated by A;, j =1,2,3,4, equals to C*(S1, 52). Hence § maps L; to Ly and Ly
to L1. From 0(L,) = Lo, it follows that Dy, C Dy, and similarly 6(Ly) = L; implies
DL2 Q DLl- Thus DL1 = DLQ.

Claim 2. L; and Ly are o-minimal.

It is sufficient to prove that there is no common reducing subspace for the oper-
ators Aq, Ay, As, Ay. Let us say that H is their common reducing subspace. Then
it is also reducing for the operators

%:Sh and #:S}

By the proof of [Arc79, Theorem 1], S; and S have no common proper reducing
subspaces. Hence L; and L, are o-minimal.

Claim 3. There does not exist a unitary operator U : 2 — ¢* satisfying (3.3.5).

If there exists a unitary operator U : (2 — (% satisfying (3.3.5), then in particular

Ay =UAsU or Ay =U*A3U. (3.3.6)
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We will prove that ker A3 = ker A3 # {0} and ker Ay = {0} which contradicts to
(3.3.6). Note that S; and S are bounded operators on ¢* defined by

€oi1 > €, ;=0 fort €N and eg_1+—0, ey; —>e; forie N,
respectively. Hence,
Aze; = i(S; — S)er =0 = —i(S; — S7)e; = Aze;y, = 1 € ker A3 = ker(A3).
It remains to prove that ker A, = {0}. Let us say

f= Zajej € ker Ay where o; € Cfor all j € N.

j=1

We define e 21 = 0 for every k € N. We have

Ayf —@;ajegj zjzla]e% = 0. (3.3.7)
If aj, # 0 for some j, € N, then it follows from (3.3.7) inductively that
Qjy = Qujp = Qgjg = - - = Qnjy = ...
But then ||f|| = oo and hence f ¢ (2. Therefore f = 0 and ker Ay = {0}, O

3.4 Convex Positivstellensatz

The main result of this section, Theorem 3.4.1, is the characterization of multivari-
ate matrix polynomials that are positive semidefinite on a free Hilbert spectrahe-
dron which extends Theorem 3.1.5 from free spectrahedra to free Hilbert spectrahe-
dra. Theorem 3.1.5 was proved in [HKM12] by modifying the classical Putinar-type
separation argument. By essentially using Theorem 3.2.13 and a version of the
Hahn-Banach theorem [HKM16b, Theorem 2.2] we are able to apply the separation
argument from [HKM12] also in the case of free Hilbert spectrahedra. In Subsec-
tion 3.4.5 we extend Theorem 3.4.1 from free Hilbert spectrahedra to free Hilbert
spectrahedrops (see Theorem 3.4.9).

g

Theorem 3.4.1 (Convex Positivstellensatz). Let L = I, + Z Ajxj € SyLz) be a
j=1

monic linear operator pencil. Then for every symmetric matriz-valued noncommu-

tative polynomial F' € RV**x) with F|p, = 0, there is a separable real Hilbert space

A, a x-homomorphism m : C*(S4) — B(X'), finitely many matriz polynomials

R; € R”™x) and operator polynomials Q) € B(R”, %) @ R(x) all of degree at most

1
5 deg(F), jo, ko € N, such that

Jo ko
F=> RR;+> Qm(L)Qs.
j=1 k=1

Subsection 3.4.1-3.4.4 are devoted to the proof of Theorem 3.4.1.
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3.4.1 Restatement of the theorem

To prove Theorem 3.4.1 we have to refine its statement. For this purpose we intro-
duce some definitions.

For P € R®¥z), an element of the form P*P € R”¥(x) is caled a hermitian
square. Let ¥ denote the cone of sums of squares of v X v matrix nc polynomials,
and, given a nonnegative integer N, let X% C ¥ denote sums of squares of poly-
nomials of degree at most N. Thus elements of X% have degree at most 2N, i.e.,
Y5 C R x)qon. Since the highest order terms in a sum of squares cannot cancel,
we have R”(x)oy NXY = XK.

Fix v € N and a separable real Hilbert space /. Let A € §% be a tuple of
self-adjoint operators on .7 and IT, be the set of all triples (A, m, V) where # is a
separable real Hilbert space, V' : R¥ — %" an isometry and 7 : C*(SA@OH%) — B(X)
a *-homomorphism.

Let L € S,Ax) be a monic linear operator pencil. Given v,v5,a, € N, we
define the (14, v9; v, B) truncated quadratic module generated by L by

finite
M2 (L) =52 + > B;;v,:mq 3 g’ DV’“B'“: By € R™"(z)

(Ho,10, Vi) €TLy

In the case Du, = Duep,), We can replace x-homomorphisms from C*(S A@Oﬁi) by
s-homomorphisms from C*(S,4) in the definition of the truncated quadratic module.
Let I, be the set of all triples (£, m, V') where ¢ is a separable real Hilbert space,
V :RY — ¥ an isometry and 7 : C*(S4) — B(#) a *-homomorphism.

Proposition 3.4.2. If Dy, = Dyygr,, then:

finite
M3#(L) =37 + Y. BiVem(L)ViBi: By € R (x)g

(Ao, mhe, Vi) €TLg

Proof. 1t is sufficient to prove that for every isometry V € B(R*?, . #") and every
*-homomorphism 7 : C*(Sageg) — B(A) there exist an isometry V € B(R™, %)

—~

and a x-homomorphism 7 : C*(S4) — B(") such that

V*W([ é (1) DV = V*F(L)V.

Since V*ﬂ'( g (1) V' is a monic linear pencil positive semidefinite on D and
Duj, = Dyap,), this is true by Theorem 3.2.13 (3). O

The following is the restatement of Theorem 3.4.1.

Theorem 3.4.3. Let L € S, Ax) be a monic linear operator pencil and F' € R"*¥(z)
a symmetric matriz polynomial of degree at most 2d + 1. If F|p, = 0, then

Fe M(Iijfl,d(L)’
where £ :=v - o4(d) and ox(d) = dim(R(x),).
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The proof of Theorem 3.4.3 is given in Subsection 3.4.4. In the next two sub-
sections we prove the connection between positive linear functionals and operators
and show that the truncated quadratic module is closed. Both results are important
ingredients for the separation argument in the proof of Theorem 3.4.3.

3.4.2 GNS construction

Proposition 3.4.4 below (see [HKM12, Proposition 2.5]), embodies the well known
connection, through the Gelfand-Naimark-Segal (GNS) construction, between op-
erators and positive linear functionals. The only difference between the statements
of Proposition 3.4.4 and [HKM12, Proposition 2.5] is that the pencil L is operator-
valued here but was matrix-valued in [HKM12, Proposition 2.5]. Therefore, the
proof of Proposition 3.4.4 needs an additional argument. Namely, in the notation
of Proposition 3.4.4 the fact that a tuple of operators X belongs to Dy, if A is non-
negative on M, f(k)(L) follows immediately by construction if L is matrix-valued
but needs a proof if L is operator-valued.

Proposition 3.4.4. If X\ : R"”**(x)or2 — R is a linear functional which is nonneg-
ative on Xy, and positive on X} \ {0}, then there exists a tuple X = (X1,...,X,)
of self-adjoint operators on a Hilbert space X of dimension at most voy(k) =
vdimR(z),, and a vector v € X", such that

ACf) = (F(X)7:7) vew (3.4.1)

for all f € R""x)opy1, where (-,-) 5 is the inner product on X. Further, if L €
S Ax) is a monic linear operator pencil and X\ is nonnegative on M,:fiﬁ(k)(l/), then
XeDy.

Conversely, given X = (X1,...,X,) is a tuple of self-adjoint operators on a

Hilbert space X of dimension N, the vector v € X%, and k a positive integer, then
the linear functional X : R"”*¥(x)9r 0 — R, defined by

M) = (FX)77) v

is nonnegative on X7, . Further, if L € S Ax) is a monic linear operator pencil and
X € Dy, then X is nonnegative also on M,;’flk(L) for every £ € N.

If L is matrix-valued, then Proposition 3.4.4 becomes [HKM12, Proposition 2.5].
In the case L is operator-valued, then the main difficulty in the extension of the
implication (=) of the proposition is to show that the constructed tuple X, which
represents A, belongs to Dy, if A is nonnegative on M,::f f(k)(L). In the matrix case
this follows by a simple calculation, while in the operator case we will need a special
case (see [HKM16a, Theorem 3.1] and [HM12, §6]) of the Effros and Winkler [EW97]
version of the Hahn-Banach theorem, see Theorem 3.4.5 below, and Theorem 3.2.13.

Theorem 3.4.5. IfI' = (I'(n))nen € SY is a closed matriz convex set containing 0
and X € S9 is not in I'(m), then there is a monic linear pencil L if size m such

that L(Y) =0 for all Y € T', but L(X) # 0.
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Proof of Proposition 3.4.4. The nontrivial direction is (=). A symmetric bilinear
form defined on the vector space K = R™"(z),,; by

(f:h) =AD" f), (3.4.2)

is positive semidefinite by hypothesis and hence induces a positive definite bilinear
form on the quotient X := K/N where N := {f € K: (f, f) = 0}, making it a
Hilbert space. By positive definiteness of the form (3.4.2) on the subspace X =
R (1), X can be considered as a subspace of X with dimension vo (k). We
define the operators X, : X — X by

Xjf:ijLﬂ fe‘)(algjggv

where P is the orthogonal projection from X onto X. Since the bilinear form (3.4.2)
is positive definite on X, the operators X; are well-defined. By the calculation

<Xjf7 h> = <:ij7 h) = <fa $]h> = <fa th>

for every f,h € X, it follows that the operators X; are self-adjoint.

For j=1,...,vlet 7; € X be a vector with the j-th entry the only nonzero one
which is the monomial 1. Let v be the vector v := @J_, 7; € X*". Let ey,... e,
be the standard coordinate vectors for R”, i.e., the only nonzero entry of e; is the
j-th entry which is 1. Take a matrix polynomial

f= Z w; Vs resef € R(x) (3.4.3)

s,t=1

where vsy € (T)py1, wsy € (x)g for every s,t. For X = (Xi,...,X,) € S% the
following calculation holds:

v

(F(XD)7:7) por = Z (Wi (X vt (X, Ye)p = D (s (X7, we (X))
s,t=1 s,t=1

= Z (vsa€))s W€l = Y (vsaef, Pwysel))

s,t=1 s,t=1
v 12
= Z (Vsper, Wsp€s) o = Z )\(w:’tvwesef%) = A(f).
st=1 s,t=1

Since every f € R"*(x) is a linear combination of polynomials of the form (3.4.3),
we established the equality (3.4.1). It remains to prove the following claim.

Claim. If ) is nonnegative on M,;’fif(k)([/), then X € Dy.
Proof. Suppose A is nonnegative on M,::ff(k (L). Write L(z) = Ly + 37, Ajz;

where A := (A4y,...,4,) € §%. Given a tuple B := (By,...,B ) of operators we
denote by Ap(r) a homogeneous pencil 27 | Bjz;. Let € = voy(k). Take an
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arbitrary isometry V € B(R*, #). Let e; be the standard coordinate vectors in R,
i.e., the only nonzero entry of ¢; is the i-th entry which is 1. Given

h 14
p=|: | =) e@pex®
Pe =1

note that for every triple (£, m, V) € II, we have

L

12
(]g@])(p'f—z A @OR)V®X)(Z€i®pi)ap>
Xt

7j=1 =1

/\

/\

g V4
]g ® IX)p + Z Z((V*W(AJ @ OR)V)GZ ® iji),p>
Xxot

j=1 i=1

J4
Z pl,pz +ZZZ V* @OR)VGi,ek%W . <P:iji,pk>x
=1

glzlkl

4
- Z pupz + Z Z Z V* @ O]R V) <$jpi’pk>/f
=1

glzlkl

14
= pipidy + ZZ Z (V7 (A; & 0r)V)ki - Mpha;ps)
=1

j=1 i=1 k=1
¢

V4 l g
— Z <pivpi>)( + A <Z Z (pz Z(V*W(AJ D OR)V)kll']p,>>

i=1 =1 k=1 j=1

_ A( e p;f‘w) ’ A<.€ é@ (Av-n(asogyv @) Jup i>)

=1

If X ¢ Dp(¢), then by Theorem 3.4.5, there is a monic linear pencil £ of size ¢ such
that L(Y) = 0 for all Y € Dy and £(X) # 0. By Theorem 3.2.13 (1),

c-re([£ 1))

for some triple (¢, m,V) € II,. By the calculation above, we have that £(X) = 0
which is a contradiction. Hence, X € Dy (¢) which prove Claim and concludes the
proof of Proposition 3.4.4. O]
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3.4.3 The truncated quadratic module is closed
Fix € > 0 and let

Bi(n) ={X €Sy | X||<e}, and B.=|]B.(n)

neN

We norm R***2(x); by
[Pl := max{|[p(X)]|: X € B} (3.4.4)

(On the right-hand side of (3.4.4) the maximum is attained. This follows from the
fact that the bounded nc semialgebraic set B, is convex. See [HMO04, Section 2.3]
for details.)

Fix o, 8,11, € N and let kK = max{2«,25 + 1}. Let L € S,{z) be a monic
linear operator pencil. The truncated quadratic module MQV}EVQ(L) generated by a
monic linear operator pencil L is a convex cone in R***(z);. There is an € > 0
such that for all n € N, if X € S¢ and || X|| < ¢, then L(X) = 31,. In particular,
B. C Dy. Fix € > 0 such that B, C Dy. The following proposition states, that the
truncated quadratic module M,y (L) is closed in R**"*(x), equipped with norm

Proposition 3.4.6. Assume the notation above. The truncated quadratic module
M2 (L) C R (), is closed.

Proposition 3.4.6 is an extension of [HKM12, Proposition 3.1] from matrix pencils
to operator pencils. The main difficulty in the proof of the extension is to ensure that
a certain convergent sequence of linear matrix pencils of the form Vjmp(L & Ig)Vi
where 7y : C*(Sagog) — B(H#}) is a *-homomorphism, 7, is a separable real Hilbert
space and V), € B(R", %) is an isometry, is again of the form Vr (L @ 1g)V for
some *-homomorphism 7 and some isometry V' € B(R*?, ). For this aim we will
use Theorem 3.2.13 essentially.

Proof of Proposition 3.4.6. Suppose (P,), is a sequence from M ”Q(L) which con-
verges to some P € R"*"(z),. By Caratheodory’s theorem on convex hulls [Bar02,
Theorem 1.2.3], there is M < dim R*"**{(x), + 1 such that for each n there exist
matrix-valued polynomials R, ; € R"**(x),, T,; € R"**(x)s, *-homomorphisms
T @ C*(S A0? ) = B(J,,;) where J, ; is a separable real Hilbert space, and isome-
tries V,,; € B(R", %, ;) such that

O LTINS ST (FR)

Claim 1. For ¢ = 1,..., M the sequences (R, ;), and (T, ;), are bounded in the
norm |

Proof of Claim 1. Since the sequence (F,), is convegent, it is bounded in |-[|_, i.e
| Pl < N? for every n € N and some N € N. Now fix i € {1,..., M}. For every
X € B, and every n € N we have

Pu(X) = RERuy(X) =0 and  Py(X) = T;Zv;ﬂrmq - ])Van,i(X) - 0.
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Hence, for every n € N we have

N? > |Pull, 2 | B iBudll, = | Rl

Tn,ivn,iﬂ-n,i ( |: 0 1 :| ) Vn,iTn,i

N2> R, 2 \

€

In particular, (R, ;), is bounded. To prove Claim 1 it remains to prove that (75, ),
is bounded. Let us write L(z) = Ly +3_9_, Ajz;. Observe that

1

ITill? = | i Tl = —‘ T Vir i (2{ ]gi” ; DVT

2

€

_ 1 * * I?f 0 ?:1 A]x] 0 ?:1 A]:E] 0
2‘ Tn,iVn,iﬂ-n,Z (2|: 0 1 :| + |: 0 0 0 0 Vn,zTn,z .
2 n,g ' ngi’'n, 0 1 , , .
1 A (—
"’5‘ T Vit ( { Lt 26/1]( %) (1) :|)Vn,iTn,i

< N2,

€

Tn,ivn,iﬂ-n,i ( |: 0 1 :| ) Vn,iTn,i

Therefore (7,;), is bounded which concludes the proof of Claim 1.

By Claim 1 and since we are in finite dimensional vector spaces, (R ;)n, (Thi)n
have convergent subsequences with limits R; € R""*"(x),, T; € R"2*"(x)3.

L 0

o 1]V € Rt

Claim 2. For i = 1,..., M the sequences (V,fﬂrm([

are bounded in the norm ||-]..
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Proof of Claim 2. The following estimate holds:

. L 0 . L 0
[ 2l - s v [ 2 )

g9
- % Aj 0
= g(neag’i I, ®1+ E Vn,iﬂmi([ 0 0 })V;” ® X;

j=1
. A: 0O
VW([ 0 0 DV”’Z@Xj )
B . A; 0
_1+)r?€aé Z; Vn,z’ﬂ-n,i([ 0 0})%,@ ||Xj||>
j=
J A; 0
j=1
g
<1+ey |Virlllimnl
j=1

A; 0
15 0]
g
=1+e) [l4].
j=1

= max
XeBe

g

<1
< +)r§1€aé Z

J=1

g

This proves Claim 2.

By Claim 2 and since we are in a finite dimensional vector space, the sequences

. L 0
(Vn,i’]rmi <|: 0 1
trix pencils of the form

)Vm) have convergent subsequences with limits monic linear ma-

g
Li = ]l/z + Z Ajﬂ‘l'j S Sy2<$>.

j=1
Claim 3. D, C Dy fori=1,..., M.
Proof of Claim 3. Fix i € {1,...,M}. We will prove Claim 3 by contradiction.
Suppose there are m € N and X € Dy(m) \ Dz (m). Then there is a vector
v € R”? ® R™ of norm 1 such that
<EZ~(X)U,U> <0 (3.4.5)

L 0
0 1

limit Ei, there exists ky € N such that

~ . L 0
Li - V]{;0717T]€(),’L<|: 0 1 :|)V;€(),’L
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Since the sequence (V; i ({ ])Vm)n has a convergent subsequence with a

|z

< (3.4.6)
< 20X 2




L 0
0 1

— Lo
(e[ 2o
x|l o Lo :
= (L= Vam [ g q | ) Vi <MX>
——

211X |||~ § L 0
S M Li _no,iﬂko,i<{ 0 1 :|)Vk0,z’

€

Since ZZ and Vi iThosi ({ })ka‘ are monic, the following estimate holds

But then, since v is of norm one, we have

([ o)

and hence

O (| ) e L A

(3.4.5)
N L 0
(e[ £ 2
L
0

= Ot (Mo (| ) |0))te )

But

= 0
—~—
XEDL(m)

where 7y, ;@ I, is & x*-homomorphism A® B — my, ;(A) ® B, leads to a contradiction
with (3.4.7). This proves Claim 3.

To conclude the proof of Proposition 3.4.6 we use Theorem 3.2.13 (1). There

is a triple (%, m;, Vi) of a separable real Hilbert space .J#;, a *-homomorphism 7; :
C*(Samog) — B(#;) and an isometry V; such that

~ . L 0
s[4

Therefore (P,),, converges to

M M L 0
ZR}”Z”([ 01 DVT € My (L),

Thus M,';* (L) is closed. O
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3.4.4 Proof of the theorem

In this subsection we prove Theorem 3.4.3. The main idea of the proof is a clas-
sical Putinar separation-type argument [Put93] and its noncommutative version in
[HMO4], but there is an important difference in the separating functional A\ which
ensures that the Positivstellensatz holds not only for positive definite polynomials
but for semidefinite ones as well and we also get degree bounds.

In the proof we need an additional lemma (see [HKM12, Lemma 3.2]) on the

existence of a positive linear functional A : R ™x)24+2 — R, ie., X(F ) > 0 for all
F e 3., \ {0}, which is nonnegative on Mgfiﬁ(d)(lj).

Lemma 3.4.7. There exists a positive linear functional N R"*"(x)9q12 — R which

. . v,woy(d
is nonnegative on M, f( )(L).

The proof of Lemma 3.4.7 is the same as for [HKM12, Lemma 3.2] just that )
from the proof of [HKM12, Lemma 3.2] has to be nonnegative also on M;fij(d)(l/).

This is clear from the construction of A\. We include the proof for the sake of
completeness.

Proof of Lemma 38.4.7. Choose € > 0 such that B. C Dy. Let X X® be
some countable dense subset B, e.g., all tuples of matrices in B.(d+ 1) with rational
entries. Let us define X\ : RV**(z)5410 — R by

[e.9]

Ap) = 3 5tr(X9).

1=1

Obviously, N is nonnegative on M g:f f(d)(L). It remains to prove that N is strictly

positive on nonzero hermitian squares in XY ;. Let r € R"**(x)441 be arbitrary.
If we have A(r*r) = 0, then by density of the set {XW x@_ .} r vanishes on
B.(d + 1) and hence on S;.;(R)Y. But then by the nonexistence of low degree
identities [Pro73], r = 0. O

Finally we are ready to prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Suppose F ¢ Mgde(L). By Proposition 3.4.6 and the
Hahn-Banach separation theorem there exists a linear functional A : R"**(x)94,0 —
R that is nonnegative on M d”de(L) and negative on F. Adding a small positive

multiple of \ from Lemma 3.4.7 to A, we may assume that A is strictly positive
on 34, \ {0}. By Proposition 3.4.4 used for k = d, there is a tuple of symmetric
matrices X € Dy acting on a finite-dimensional Hilbert space A and a vector 7 such
that

A(P) = (P(X)7,7)
for all P € RV**x)g441. In particular,
(F(X)7,7) = AMF) <0,
so that F'(X) is not positive semidefinite, contradicting D C Dy which concludes

the proof of Theorem 3.4.3. O]
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3.4.5 Extension

This subsection focuses on matrix polynomials positive on a free Hilbert spectra-
hedrop. The main result, Theorem 3.4.9, extends Theorem 3.4.3 from free Hilbert
spectrahedra to free Hilbert spectrahedrops.

Let L be a monic linear operator pencil of the form

g h
L(z,y) = Ly + Zijj + kayk € S x)
j=1 k=1

and let IC = proj, Dy. Fix positive integers vy, 15, d € N. We define the (v, vs;d)
truncated quadratic module in R"*"(x)94.1 associated to L and K = proj, Dy, by

finite
V1,V * * L 0 %%
Mu;ﬁ([,) = o+ Z R}V, m({ 0 1 1)‘/@}%: o€ X7 (7)),

(41/@77(@7‘/()61:11/2
120:9% * * Fk 0
Ry € R (2)4, Y R;Vi'm o o | )VeRe=0forall k.
4

In the case Duw, = Dwrgp,), we can replace *-homomorphisms of the extended
pencil L @ Iz by x-homomorphisms of L in the definition of the truncated quadratic
module.

Proposition 3.4.8. If D, = Dyygy,, then:

finite
Mlll,ug(L) — o+ Z RZW*WZ(L)WRZ S Zgil<x>7

x7a7ﬁ
(%7”@7%)61_[1/2

Ry € R™”"(x)4, Y RyVymy(Ly)VeRe = 0 for all k}
l

Proof. The proof is the same as the proof of Proposition 3.4.6 using Theorem 3.2.18
instead of Theorem 3.2.13. ]

The main result of this subsection is the following Positivstellensatz.

Theorem 3.4.9. A symmetric polynomial F' € R"**(x)o441 1S positive semidefinite

on K if and only if F' € M;’:Tﬁ#(k)(l/) where o4 (k) = dim R(x).

Remark 3.4.10. Several remarks are in order.
(1) In case there are no y-variables in L, Theorem 3.4.9 reduces to Theorem 3.4.3.

2) If d =0, i.e., F' is linear, then Theorem 3.4.9 reduces to Theorem 3.2.18.

(2)
(3) If L is matrix-valued, then Theorem 3.4.9 reduces to [HKM16b, Theorem 5.1].
(4)

4) If L is matrix-valued and variables commute, a Positivstellensatz for com-
mutative polynomials strictly positive on spectrahedrops was established by
Gouveia and Netzer in [GN11]. A major distinction is that the degrees of the

Ry and o in the commutative theorem behave very badly.
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Proof of Theorem 3.4.9

The proof uses the same idea as the proof of Theorem 3.4.3, i.e., construction of a
positive separating functional and then the connection with operators via the GNS
construction. What has to be proved additionally is that the truncated quadratic
module M ;’dyﬁy(dk) (L) is closed (see Proposition 3.4.11) and that the tuple of operators
X from the GNS construction belongs to the closure of the free Hilbert spectrahedrop
(see Proposition 3.4.12).

Proposition 3.4.11. The truncated module M, "3(L) € R"* ), is closed where
k= max{2aq, 203 + 1}.

Proof. The proof is the same as the proof of Proposition 3.4.6 using Theorem 3.2.18
instead of Theorem 3.2.13. O

Proposition 3.4.12. If X\ : R"”*(x)or12 — R is a linear functional which is nonneg-
ative on Xy | and positive on X} \ {0}, then there exists a tuple X = (X1,...,X,)
of self-adjoint operators on a Hilbert space X of dimension at most voy(k) =
vdimR(z),, and a vector v € X%, such that

M) = (FX)77) v

for all f € RV”™(x)ok11, where (-,-), is the inner product on X. Further, if X is
nonnegative on M;Zﬁ(]f)([,), then X s in the closure K of the free spectrahedrop
IC = proj,, Dy, coming from L.

Conversely, given X = (Xq,...,X,) is a tuple of self-adjoint operators on a
Hilbert space X of dimension N, the vector v € X%, and k a positive integer, then

the linear functional X : R"**(x)ok1o — R, defined by

)‘(f) = <f(X)’777>X@V

is nonnegative on Xy . Further, if X € proj, Dy, then A is nonnegative also on
vloy (k)

M, (L) for every £ € N.

If L is matrix-valued, then Proposition 3.4.12 becomes [HKM16b, Proposition
5.4]. For operator-valued L there are minor changes. Namely, we need to add the
explanation, why )\(M:,:ﬁ(:)(L)) C Ry implies that X € proj, Dy.

Proof of 8.4.12. The nontrivial implication is (=). Construct X, {-,)x, X € S%
and v € X% exactly as in the proof of Proposition 3.4.4. The only thing which
remains to be proved is the following claim.

Claim. If X is nonnegative on M V”,:i?(kk)(L), then X € K.

T

Proof of Claim. Suppose A is nonnegative on M;Zjﬁ(kk)(l/) We will prove that

X € K. Since K is a closed matrix convex set and 0 € K, there exists, by Theorem
3.4.5, a monic linear pencil £ € S,(x) of size 0 = dim X" such that L[z > 0 and
L(X) # 0. Thus, by Theorem 3.2.18, there exist a separable real Hilbert space ¥,
an isometry V : R? — ¢ and x-homomorphism 7 : C*(Sq09) — B(¥) such that

L=V*1(L&g)V and 0=V*'n(l'y®O0g)V forallk.
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(e

Since L£(X) % 0, there exists u := Z e; @v; € R7®@ X where v; € X and e; are
i=1
the standard coordinate vector in R7, i.e., the only nonzero entry of e; is the i-th
entry which is 1, such that

wL(X)u < 0. (3.4.8)

By the construction of X, X and v, there exists a polynomial p; € R>**z), such
that v; = p;(X)y. Therefore,

o o

wL(X)u = (Zei@)vi)*ﬁ(){)(Zei@w)

= () e @p(X)) (VR L)T(LX,Y)® ) (VR L) () e®p(X)y).

i=1 i=1

g

Defining p(x) = Zei ® pi(z) € R7*x)k, note that p(X)y = Zei ® pi(X)y.

i=1 i=1
Hence,

wL(X)u = (p(X)7)"(V @ L) 7(L(X,Y) ® Ie)(V & I5)(p(X)7)
HXWV®U*@WYMMMW®%Wme
A

(P(x)* Vi (L(z,y) © Ip)V ().

Defining

q = pla)" V' (L(X,Y) @ [e)V(z),
)-

we have that u*L£(X)u = A(¢). Since g € M. Zﬁ(kk) (L), it follows that A(¢) > 0 which

contradicts to (3.4.8). This proves Claim and concludes the proof of Proposition
3.4.12. O

In the proof of Theorem 3.4.9 we need an additional lemma on the existence of a
positive linear functional A : R"x)94+2 — R, i.e. )\(F) > 0 for all e X}, \ {0},

which is nonnegative on My **(L),.

Lemma 3.4.13. There exists a positive linear functional N R"**(x)9q12 — R which
vvoy (k)

is nonnegative on M, .7 ;" (L).

The proof of Lemma 3.4.13 is the same as for Lemma 3.4.7 above only that in
the first sentence we choose € > 0 such that B, C proj, Dy.

Now we are ready to prove Theorem 3.4.9. The proof follows the proof of
[HKM16b, Theorem 5.1], only that we use Proposition 3.4.11 instead of [HKM16b,
Proposition 5.3] and Proposition 3.4.12 instead of [HKM16b, Proposition 5.4].

Proof of Theorem 3.4.9. The proof is by contradiction. Let F' € R"**(x)4.1 be pos-

itive semidefinite on K such that F ¢ M, sfffj )(L). By the Hahn-Banach theorem
and Proposition 3.4.11, there exists a functional \ : R"**(x)9q12 — R such that

A(F) < 0 and A(M::Zﬁf?(L)) > 0. By Lemma 3.4.13, we may assume that \ is
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strictly positive on 3%, \ {0}. By Proposition 3.4.12 there are a finite dimensional
Hilbert space X, a tuple of matrices X € K and a vector v € X® such that

0> )‘(F) = <F(X>777>X@V1 >0,

which is a contradiction and concludes the proof of Theorem 3.4.9. O

3.5 Univariate Positivstellensatz

In this section we extend Theorem 3.4.3 in the univariate case from matrix-valued
polynomials to operator-valued ones, see Theorem 3.5.1 below. Namely, in the
univariate case, F' in Theorem 3.4.3 can be operator-valued but the conclusion still
holds. The main step of the proof is the reduction to the inclusion of free Hilbert
spectrahedra by the use of variants of the operator Fejér-Riesz theorem [Ros68]. By
Examples 3.2.16 and 3.5.2, Theorem 3.5.1 does not extend to the non-monic case.

Theorem 3.5.1. Let L = I, + A1z € S,Ax) be a univariate monic linear operator
pencil. Then for every symmetric operator-valued noncommutative polynomial F €
B(#') @ Rx) with F|p, ) = 0, there exists a separable real Hilbert space &, a *-
homomorphism m : B(€) — B(¥) and finitely many operator polynomials R; €
B()@Rz) and Qr € B(X ,9) @R(x) all of degree at most 5 -deg(F), jo, ko € N,
such that

Jo ko
F=> RR;+> Qm(L)Qs.
j=1 k=1
Proof. Since L is monic, the set Dr(1) is an interval with a non-empty interior. We
separate three cases.

Case 1: Dy(1) = [a,b] where a,b € R and a < b.

By the linear change of variables we may assume that D;(1) = [-1,1]. By
[CZ13, Proposition 3|, there exist operator polynomials R; € B(J )x) and Q) €
B(, ) x) all of degree at most 3 - deg(F) such that

finite finite

F(x) = Z RIR; + g @Z[ t +Ox)jf (1 _(;)[% Qr.

(For the degree bounds see [DS02, Theorem 2.5] and use the identity
(1 —2)=2*1—-2)+ (1 —x)%2.)

Thus it remains to prove the statement of the theorem for F(z) = 1 + z and
F(z) =1— 2. We use Theorem 3.2.15 and conclude the proof of Case 1.

Case 2: D;(1) = [a,00) or (—00,a] where a € R.
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By the linear change of variables we may assume that Dr(1) = [-1,00). By
(CZ13, Proposition 3], there exist operator polynomials R; € B(J )x) and Q) €
B( )z all of degree at most 3 - deg(F) such that

finite finite

F=Y"RR;+Y Qi1 +2)LsQs.
j k

(The degree bounds are easy to see by comparing the leading coefficients.) Thus it
remains to prove the statement of the theorem for F'(z) = (1+x). We use Theorem
3.2.15 and conclude the proof of Case 2.

Case 3: Di(1) =R.

By [CZ13, Proposition 3|, there exist operator polynomials R; € B(# Xz) all of

finite
degree at most % - deg(F) such that F' = Z R} R;, which proves Case 3. O]
J

If L is not monic in Theorem 3.5.1, then the conclusion is not true in gen-
eral (see Example 3.2.16 above). However, by [KS13, Corollary 4.3.1], it extends
to the matrix-valued pencil L with Dy, = (). (The case F = —1 is the con-
tents of [KS13, Corollary 4.3.1], while for an arbitrary F' one uses the identity

1
-(F+1)"(F+1)—(F—-1)"F —1)).) But the following counterexample shows
4

that [KS13, Corollary 4.3.1] does not extend to the operator-valued pencil L with
Dy = 0.

Example 3.5.2. Let L(z) = Ay + A7 € Sp2y() be a linear operator pencil, where

Ay = diag( - 1)@ € B(A(N)) and A, = diag(%) € B(A(N)).

n neN
Then:
(1) The spectrahedron Dp(1) is (.
(2) The polynomial ¢(y) = —1 is non-negative on Dy (1).
(3) There do not exist a Hilbert space ¢, a unital *-homomorphism 7 : B(¢?) —

B(¢), polynomials r; € R(z) and operator polynomials g, € B(R, % \z)
such that

finite finite

—1= Z i+ > gim(L)gx (3.5.1)

Proof. (1) is easy to check and (2) follows by (1). We will prove (3). Let us say that
JH, m, r;, qi satisfying (3.5.1) exist. Observe that A; = AjA,. Therefore

> aim(L(@)ar =Y aim(Ao) m(Ao)ar - o+ Y gim(Ao)ai.
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If >, qim(Ao)gr = 0, then
—1=) rf+ Y ain(Ao) m( Ao (3.5.2)
J k

This is a contradiction since the right-hand side of (3.5.2) is nonnegative for x > 0,
while the left-hand side is a constant —1. Therefore ), ¢;m(Ao)qr # 0. Let us write

y) = Z TimT € R<$>a Qk<y) = Z Qk,mT € B(R> ‘%/)<x>>

m=0

where N; € Ny is such that 7y, # 0 and M}, € Ny is such that m(Ao)qr,, # 0. We
can indeed choose such My, since otherwise m(Ao)qr,a, = Gj; 5y, ™(Ao) = 0 and hence

@ (Ao)qr = Z q;m(Ao) q]

£,j=0
My+j M+j
= ZCIM (Ao) g™+ + Z q; 7(Ao)qur, @ + Z gy m(Ao)gjz*™
A({_/ — AO;—/ 0.7=0
M —1 M —1 M, —1
= Z g, m(Ao)gjx 2 = Z Grmy) m(Ao)( Z qr;mT)
£,7=0 m=0

and

ZQW (AD)ar = ZCMT (Ao)7(Ao) q]
£,j=0
M—1

= ZqM m(Ap) m(Ap) g™t + Z q;m(Ao) m(Ag)qar, oMF 4
—_———

0
Mj—1

* l+
+ E qgﬂ(Al)qjx J
£,7=0
M —1 Mp—1 M—1

= > gm(Ay)gatt = Z ) T(A) (D qeme)
m=0

£,7=0

We are repeating this calculation until 7(Ag)qk ar,—r, 7 0 and take g := Z Qe m X -
The highest monomial according to the ordering of R(y)

dx™ = cx"<m>norm=n, d>c

n:
2.0 .2 2N
(1) ryis rjy, o2,
~~
#0
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(2) arm(A)qz is gy pg, ™(Ao) T (Ao)qr,ns, a2 Met

-~

#0

2 M, (

(3) qxm(Ao)qr is ‘at most’ q; pr, m(Ao)qk,ar, T or smaller).

Let M := max{N;, Mj: j,k}. Therefore, the highest monomial on the right-hand
side of (3.5.2) is

Z rin, 2V, if M # M, for every k
J: Nj=M =35
Z qz,MkW(AO)*W(AO)Qk,Mk $2M+1, if M = M, for some k
k: Mk:M\ ;?) -

Since the highest monomial on left-hand side of (3.5.2) is —1, we conclude that
M =0 and g, = 0 for every k. Thus —1 =) i r]z which is a contradiction. ]

Remark 3.5.3. Theorem 3.5.1 extends to non-monic L(z) = Ay + A1z € S{x) in
the following cases:

(1) Di(
(2) Dr(1) ={a} and Ay, A; are linearly dependent.
Dp(

(3)

1) # () and span{ Ay, A;} contains an invertible positive definite element.

1) = 0 and Dprp(1) is compact for some finite-dimensional projection

P e B(J7).

Proof. The proof of (1) is the same as the proof of Theorem 3.5.1 just that we use
a non-monic version of Theorem 3.2.15 (see Remark 3.2.14 (3)).

Now we prove (2). By a linear change of variables we may assume that Dy (1) =
{0}. If Ay # 0, then we have Ag+ Az = Ag(1+ Ax) for some A € R. Hence Aq > 0.
Thus lim L(z) > 0 or xEmOOL(:B) >~ 0. This is a contradiction. Hence Ay = 0 and

T—>00
L(z) = Ayz. Since D (1) = {0}, there are vy, vo € € such that (A;v1,v;) > 0 and
(Aqvq,v9) < 0. So

_ (L), v) _ (L(x)va, v)

, - .
(Ao, 1) [(A1vz, v2)]
By the identity —2? = 1(z(z — 1)® — z(x + 1)?) we have that —z? is of the form

2 _ (z — 1>2
—x® = —4<A1U1,U1> (L(x)vy,v1) +

(r+1)2

—4|<A2v1, o] (L(x)vg, va).

Thus, for every ¢ € N we have

2w _ (@ z - 1))

—TT = o W @)u, v M PRV
WAooy (L@ v+ s (L), va),
—T +1 m(L(m)Ug,U2>
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So every F' € B( )z) satisfying F'(0) = 0 is of the from

finite finite

SRR+ > QiLQs,
i k

where R; € B(# Xz) and Q) € B(* , 7 )(x) are operator polynomials.

Finally we prove (3). Let (P,), be an increasing sequence of projections from
€ to a n dimensional subspace of .#” such that P = P, for ¢ = dim Ran(P). We
have the following decreasing sequence of compact sets:

Dp,1p,(1) 2 Dpyyipyy (1) 2 - 2 (| Dporp (1) = Di(1) = 0.
k=¢

Note that the equality ﬂ Dp,p, (1) = Dr(1) follows by the convergence of the
k=¢
sequence PyLP; to L in the weak operator topology. Since Dp,rp,(1) is compact

and Dp,p,(1) C U Dp,1p, (1) is its open covering, it follows that
k=0

N
Dp,rp,(1) € Dposp,(1)° = Dpyrpy (1)°
k

for some N € N. Hence Dp,1py (1)) = 0. By [KS13, Corollary 4.3.1], —1 is of the

form
finite finite

—1=) i+ > QiPvLPxQ,
k

J

where 7; € R(x) are scalar polynomials and @), € RV*X(x) are vectors of polynomials.
By the equality F' = 1((F +1)*(F + 1) — (F — 1)*(F — 1)), arbitrary F is of the

form
finite finite

F=Y RiRj+ )Y QiPvLPnQy,
j k

where R; € B(J¢ z) and Q) € B(# ,RY)z) are operator polynomials. O
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Razsirjeni povzetek

Disertacija studira Positivstellensatze za matri¢ne in operatorske polinome. Ime
Positivestellensatz se nanasa na algebraicno zagotovilo za pozitivnost danega poli-
noma p na dani zaprti semialgebrai¢ni mnozici K. Iskanje takih zagotovil spada
na podrocje realne algebrai¢ne geometrije. Za poljubno mnozico K je lahko iskanje
ucinkovitega zagotovila zahteven problem, Se posebej, ¢e polinom p ni strogo pozi-
tiven na K, temve¢ samo nenegativen. V tem delu se ukvarjamo z dvema vrstama
zagotovil, nanasajoc¢ se na mnozico K in nekomutativen polinom p, ki ga zelimo pred-
staviti, pri ¢emer sta oba problema iz podro¢ja nekomutativne realne algebraicne
geometrije.

Ekvivalentni verziji matricnega Fejér-Rieszovega izreka karakterizirata pozitivno
semidefinitne n X n matricne polinome na realni osi R in na enotski kompleksni
kroznici T. V primeru skalarnih polinomov (tj. n = 1) so razsiritve realne verzije
tega rezultata na poljubno zaprto semialgebraicno mnozico K v R dobro raziskane
v delih Kuhlmannove, Marshalla [KM02] in Scheidererja [Sch03]. V primeru ma-
triénih polinomov (tj. n je poljubno naravno stevilo) in mnozica K zaprt interval, sta
razsiritve izpeljala Dette in Studden [DS02]. Prvi problem disertacije je v primeru
poljubne zaprte semialgebraicne mnozice K v R rezultate razsiriti iz skalarnih na
matricne polinome.

Iskanje Positivstellensatzov za polinome, pozitivno semidefinitne na matri¢no
konveksnih mnozicah, kot je mnozica resitev linearne matriéne neenakosti (LMN),
spada na podrocje proste realne algebraicne geometrije. Polinomi so ovrednoteni na
tericah matrik, ovrednotenja pa so matrike ali operatorji. Za LMNje in simetricne
matri¢ne polinome so v vrsti ¢lankov razlicne Positivstellensatze izpeljali Helton,
Klep and McCullough, npr. [HKM12, HKM13b, HKM16b]. Ker je po [EW97] vsaka
zaprta matricno konveksna mnozica, ki vsebuje izhodis¢e, natanko mnozica ma-
triénih resitev linearne operatorske neenakosti (LON), se pojavi naravno vprasanje,
ali je mogoce rezultate iz LMNjev in matricnih polinomov prenesti na LONje in
operatorske polinome. To je drugi problem diserticije.

Disertacija temelji na rezultatih iz [Zallb arxiv, Zall6, Zall7].

Positivstellensatzi za matri¢ne polinome v eni spre-
menljivki
V poglavju 2 studiramo matriéne polinome v eni spremenljivki, ki so pozitivno

semidefinitni na semialgebrai¢nih mnozicah.
Razdelek 2.1 zacnemo z dobro znano karakterizacijo nenegativnih polinomov
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na realni osi R. Naj bo Clz] mnozica kompleksnih polinomov v spremenljivki .
Mnozico C[z] opremimo z involucijo *, ki je na polinomu f(z) := Ziﬁio fmx™
C[z] definirana kot f(x)" := an]\;o fma™. Naslednja karakterizacija je preprosta
posledica osnovnega izreka algebre.

Izrek 1 (glej Theorem 2.1.1). Naj bo f(x Z fmz™ € Clx] kompleksni polinom,

ki je nenegativen na realnt osi R. Potem obstaja tak kompleksni polinom g(z) =
" gua™ € Clal, da velja f(z) = g(2)"g(x).
m=0

Obstaja tudi ekvivalentna verzija izreka 1, ki karakterizira Laurentove polinome,

nenegativne na enotski kompleksni kroznici T, in se imenuje Fejér-Rieszov izrek

[Fej16]. Kompleksni Laurentov polinom je izraz oblike a(z) = S22 N, @m 2™, Kjer

je N; e NU{0}, j=1,2,in a,, € C, m = —Ny, ..., Ny. Mnozico vseh kompleksnih
Laurentovih polinomov oznacimo z C|z, %] in opremimo z involucijo *, definirano s

*
. N2 . N2 —m
predpisom < N, OmZ > =D ey, Gm 2T

1

Izrek 2 (glej Theorem 2.1.2). Naj bo a(z Z anz™ € C[z —] kompleksni
z

Laurentov polinom, ki je nenegativen na enotski kompleksm kroznici. Potem obstaja

tak kompleksni polinom b(z Z bmz™ € Clz], da velja a(z) = b(2)"b(z).

Naj bo n naravno Stevilo. Matmcm polinom velikosti n je n X n matrika z
elementi iz Clz]. Mnozico matri¢nih polinomov velikost n oznac¢imo z M, (C[z]) in
jo opremimo z involucijo *, ki je na matricnem polinomu F(x) := [fi;(z)]},=, €
M, (C[z]) definirana kot F(x)* = [f;i(z)"]};=,. Pravimo, da je F(z) € M,(Clz])
hermitski, ¢e zadosca F(x) = F(x)". Hermitski polinom F(z) je pozitivno definiten
(0z. pozitivno semidefiniten) v zo € C, ¢e je v*F(xg)v > 0 (0z. v*F(zo)v > 0) za
vsak nenicelen vektor v € C™\ {0}. Leta 1966 je Popov [Pop66] izrek 1 posplosil na
matricne polinome.

Izrek 3 (glej Theorem 2.1.4). Naj bo F(z Zme F,, € M,(C), matricni
polinom velikosti n ki je pozitivno semzdeﬁmten na R. Potem obstaja tak matricni

polinom G(x Z Gpna™, G, € M,(C), da velja F(x) = G(z)"G(x).
m=0
Mnozico realnih polinomov ozna¢imo z R[z]. Naj bo S = {g1,...,9s} C R[z]
njena podmnozica. Zaprta semialgebraicna mnozica prirejena S je definirana kot
Ks={x€R:gj(x)>0,j=1,...,s} CR.

Opazimo, da so zaprte semialgebrai¢ne mnozice v R natanko unije zaprtih intervalov.
Z mnozico S generiramo n-ti matricni kvadratni modul kot

Mg = {GSGO + ZG;G]- -g;: Gj € M,(Clz]), j=0,... ,s} C M, (Clx]),

j=1
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in n-to matricno predureditev

Ty = Y  GiGe-g°: G € M,(Clz]) za vsak e € {0,1}" » € M,(C[z]),
e€{0,1}s
kjer je e := (e1, ..., €,) in g oznacuje polinom gi* - - - g¢*. Opazimo, da je Tg = My s,

kjer je [[S :={¢°: e € {0,1}*} mnozica vseh moznih produktov polinomov iz S. S
Pos! ,(Kg) ozna¢imo mnozico vseh hermitskih matriénih polinomov velikosti 7, ki
so pozitivno semidefinitni v vsaki tocki iz Kg. Pravimo, da je mnozica M2 (oz. T%)
nasicena, ¢e je Mg = Posl((Kg) (0z. T§ = Posl(Kg)).

Za vsako semialgebraigno mnozico K C R o_bstaja naravna izbira mnozice S C
Rlz], ki zadoséa K = Kg. Za a,b € R, a < b, z (a,b) oznacimo odprt interval
{z € R: a < z < b}. Konéna podmnozica S C R[z] je naravni opis za K, ce
zadosca naslednjim pogojem:

(a) Ce ima K najmanjsi element a, potem je z —a € S.

(b) Ce ima K najvedji element b, potem je b — z € S.

(c) Za vsaka taka a # b € K, ki zadoscata (a,b) N K =0, je (v —a)(x —b) € S.
(d) Polinomi iz tock (a), (b), (c) so edini elementi mnozice S.

Razsiritev izreka 1 na poljubno zaprto semialgebraicno mnozico K C R sta leta
2002 dokazala Kuhlmannova in Marshall [KM02, Theorem 2.2].

Izrek 4 (glej Theorem 2.1.7). Naj bo K C R neprazna zaprta semialgebraicna
mnozica in S C Rlx] taka koncéna podmnoZica realnih polinomov, da je Kg = K. Ce
je S naravni opis mnoZice K, potem je predureditev TS nasicena. Se veé, ée K ni
kompaktna, potem je T& nasicena natanko tedaj, ko S vsebuje pozitivni veckratnik
vsakega polinoma 1z naravnega opisa za K.

Drugi del izreka 4 karakterizira nasicene predureditve T4 v primeru nekompaktne
semialgebraicne mnozice K. Obstaja pa tudi karakterizacija v kompaktnem primeru.
Konéna podmnozica S C R[z| je nasicen opis kompaktne semialgebrai¢ne mnozice
K natanko tedaj, ko je K = Ky in veljata naslednja pogoja:

(a) Za vsako levo krajisce x; € K obstaja tak polinom g € S, da je g(x;) = 0 in
g'(x;) > 0.

(b) Za vsako desno krajisce y; € K obstaja tak polinom h € S, da je h(y;) =0 in
W(yy) < 0.

Leta 2003 je Scheiderer (glej [Sch03, Theorem 5.17] in [Sch05, Corollary 4.4]) v kom-
paknem primeru dokazal naslednjo karakterizacijo nasicenih kvadratnih modulov.

Izrek 5 (glej Theorem 2.1.10). Naj bo K C R neprazna kompaktna semialgebraicna
mnozica in S C Rlz] taka koncéna podmnoZica realnih polinomov, da je Kg = K.
Potem velja:

(1) Tg = Mg
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(2) Kvadratni modul MY je nasicen natanko tedaj, ko je S nasicen opis za K.

Izrek 5 (1) pove, da je kvadratni modul M}, generiran s tako mnozico S C R|z],
da je Kg C R kompaktna, zaprt za mnozenje.

V primeru, ko je semialgebrai¢na mnozica K interval, sta matri¢ni analog izreka
4 leta 2002 izpeljala Dette and Studden [DS02].

Izrek 6 (glej Theorem 2.1.14). Kvadratna modula M, 14y in M7,y sta nasicena za
vsako naravno Stevilo n € N.

Izrek 6 motivira vprasanje, ali matricni analog izreka 4 obstaja za poljubno
zaprto semialgebrai¢no mnozico K. To je glavni problem poglavja 2.

V razdelku 2.2 dokazemo glavni rezultat tega poglavja, ki izrek 5 razsiri na
matricne polinome.

Izrek 7 (Kompaktni Positivstellensatz; glej Theorem 2.2.1). Naj bo K C R nepraz-
na kompaktna semialgebraicna mnozica in S C R[z] taka konéna podmnozica realnih
polinomov, da je Kg = K. Naj bo n € N naravno stevilo. Potem je n-ti matricni
kvadratni modul Mg nasicen natanko tedaj, ko je S nasicen opis mnozice K.

Glavni elementi v dokazu izreka 7 so:
(1) primer n =1 (glej izrek 5 zgoraj);
(2) “hF-trditev” (glej Proposition 2.2.2);
(3) odprava h v “hF-trditvi”.

“hF-trditev” je dokazana v podrazdelku 2.2.1 s pomocjo predelave Schurovih kom-
plementov in uporabe izreka 5. Odprava h v “hF-trditvi” je predstavljena v po-
drazdelku 2.2.2; za kar potrebujemo izrek 5.

V razdelku 2.3 dokazemo, da se izrek 4 ne razsiri na poljubne neomejene zaprte
semialgebrai¢tne mnozice, saj obstajajo protiprimeri.

Izrek 8 (glej Theorem 2.3.1). Naj bo K C R neomejena zaprta semialgebraicna
mnozica in Ky, ..., K, njene komponente za povezanost. Naj velja eden od naslednjih

pogojev:

(1) Obstajata taki Stevili i,j € {1,...,r}, da imata K; in K; neprazni notranjosti
in je K; omejena, K; pa neomejena.

(2) Komponente so vsaj 3, pri éemer je natanko ena od njih neomejen interval,
preostale pa so tocke.

(8) Komponente so vsaj 4, pri cemer sta natanko dve neomejena intervala, pre-
ostale pa so tocke.

Potem ne obstaja taka konéna mnoZica S C Rlz], da je K¢ = K in je matricna
predureditev T? nasicena.
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V razdelku 2.4 se osredoto¢imo na vprasanje stopenj sumandov v nasi¢enih ma-
tricnih predureditvah 7¢, generiranih z naravnim opisom S semialgebrai¢ne mnozice
K. Naslednji izrek pove, da je v primeru disjunktne unije dveh neomejenih intervalov
K predureditev T¢ nasicena, stopnje sumandov pa so najboljSe mozne. Pravimo,
da je matriéni polinom F(z) = 2N _ F,2™ N € NU{0}, E,, € M,(C), stopnje
N, ¢e je Fiy # 0 in piSemo deg F' = M.

Izrek 9 (glej Theorem 2.4.2). Naj bosta dani realni stevili a,b € R, a < b, in naj bo
K = (—o0,a] U [b,00) disjunktna unija dveh neomejenih intervalov. Naj bo n € N
poljubno naravno Stevilo. Potem za vsak hermitski matricni polinom F € M, (C|x]),
ki je pozitivno semidefiniten v vsaki tocki iz K, obstajata taka matricna polinoma

G, H € M,(Cla]), da jo
F=GG+HH-(z—a)x—b),
pri ¢emer je deg G’ < # in deg H < % _1.

V razdelku 2.4 obravnavamo tudi meje na stopnje sumandov v predureditvi za
konéne mnozice K. Naj bo S ={g,...,9s} C R[x] konéna mnozica polinomov. Za
d € NU {0} definiramo d-ti del n-te matricne predureditve T s predpisom

Tg = Z GiG.- g% G, € M,(C[z]) in deg(G7G, - g°) <d Ve € {0,1}°

Naslednja trditev pove, v katerem delu predureditve lezi matri¢ni polinom F' iz
matricne predureditve 7¢, kjer je S naravni opis kon¢ne mnozice K.

Trditev 10 (glej Proposition 2.4.3). Naj bo K = | {z;} C R disjunktna unija
m tock z naravnim opisom S in n € N naravno Stevilo. Potem za vsak hermitski
matricéni polinom F € M, (Clx]), ki je pozitivno semidefiniten v vsaki tocki iz K,
velja F' € Tg,,, kjer je k vecje izmed stevil deg(F) in m — 1.

Ce so v mnozici K vsaj §tiri tocke, potem stopnja matriénega polinoma v trditvi
10 ne zadosca (glej Example 2.4.5). Za preostale mnozice K je vprasanje stopenj Se
vedno odprto.

V razdelku 2.5 se osredoto¢imo na kompleksne Laurentove matricne polinome.
Naj bo n naravno stevilo. Elemente mnozice M,(C[z,1]) vseh n x n matrik nad
C[z, 1] imenujemo kompleksni Laurentovi matricni polinomi. Mnozico M, (C|z, 1])
opremimo z involucijo *, ki je na A(z) := [a;;(2)]7;—; € My(C[z,1]) definirana kot
A(2)" = aji(2)]};—. Pravimo, da je A(z) € M,(Clz,1]) hermitski, ¢e zadosca
A(z) = A(2)". Najbo T :={z € C: |z| = 1} enotska kompleskna kroznica. Hermit-
ski polinom A(z) je pozitivno definiten (oz. pozitivno semidefiniten) v zo € T, Ce je
v*A(zp)v > 0 (0z. v*A(zp)v > 0) za vsak nenicelen vektor v € C" \ {0},

Leta 1958 je Rosenblatt [Ros58| izrek 2 posplosil na Laurentove matri¢ne poli-
nome, pozitivno definitne na T, leta 1964 pa je Helson [Hel64] predpostavko pozi-
tivne definitnosti nadomestil s Sibkejso predpostavko pozitivne semidefinitnosti.
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N
Izrek 11 (glej Theorem 2.1.3). Naj bo A(z) = Z A2, A € M, (C), hermitski

m=—N
Laurentov matricni polinom, ki je pozitivno semidefiniten na T. Potem obstaja tak

N
matricéni polinom B(z) = Z B2, By € M,(C), da velja A(z) = B(z)"B(z).

m=0

Naj bo § = {b1,...,bs} C Clz, %] podmnozica hermitskih polinomov. Zaprta
semialgebraiéna mnoZica prirejena S je definirana kot

Hs={2€T:bj(2)>0,j=1,...,s} CT.

Opazimo, da so zaprte semialgebricne mnozice v T natanko unije zaprtih lokov. Z
mnozico § generiramo n-ti matricni kvadratni modul kot

- 1
%= {ASAO—FZA;‘AJ--I)J-: A; € M, (C[z]), j:(),...,s} QMn(C{z,;}).

Jj=1

Naj bo Posl,(.#s) mnozica vseh hermitskih Laurentovih matri¢nih polinomov ve-
likosti n, ki so pozitivno semidefinitni v vsaki tocki iz .#5. Pravimo, da je mnozica
% nasicena, ¢e je M% = Posl(Hs).
Konéna podmnozica S C C[z, ﬂ hermitskih polinomov je nasicen opis zaprte

semialgebraicne mnozice £ C T natanko tedaj, ko veljajo naslednji pogoji:
(a) A = Hs.

(b) Za vsako robno tocko a € J, ki ni izolirana, obstaja tak b € S, da je b(a) =0
and 2 (a) # 0.

(¢) Za vsako izolirano tocko a € ', obstaja taka by, by € S, da je by(a) = be(a) =
0, %L(a) # 0, %2(a) # 0 in na neki okolici tocke a velja byby < 0.
Naslednji izrek je razsiritev izreka 11 na poljubno zaprto semialgebraicno mnozico
v T.

Izrek 12 (glej Theorem 2.5.4). Naj bo % C T neprazna zaprta semialgebraic-
na mnozica in S C C|z, %] taka koncna podmmnoZica hermitskih polinomov, da je
H = Hs. Naj bon € N naravno stevilo. Potem je n-ti matricni kvadratni modul

M nasicen natanko tedaj, ko je S nasicen opis mnozice K .

Pred dokazom izreka 12 sprva s pomoc¢jo Mobiusovih transformacij v podrazdelku
2.5.1 izpeljemo povezave med semialgebrai¢cnimi mnozicami v T in R, njihovimi
nasicenimi opisi, in matri¢nimi polinomi M, (C[z, 1]) in M, (C|z]). Nato te povezave
uporabimo v podrazdelku 2.5.2, da izpeljemo analog “hF-trditve” za matricne Lau-
rentove polinome (glej Proposition 2.5.5). Na koncu s pomocjo Scheidererjevega
rezultata (glej Proposition 2.5.6) odpravimo imenovalce.

V razdelku 2.6 se ponovno osredoto¢imo na matri¢ne polinome iz M, (Clz]) in
dokazemo Positivstellensatz za neomejeno zaprto semialgebrai¢no mnozico v R.
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Izrek 13 (Nekompaktni Positivstellensatz; glej Theorem 2.6.1). Naj bo K C R
prava neomejena zaprta semialgebraicna mnoZica in S njen naravni opis. Naj bo
n € N naravno Stevilo. Potem so za vsak hermitski matricni polinom F € M, (C|x])
naslednje trditve ekvivalentne:

(1) F je pozitivno semidefiniten v vsaki tocki xog € K.

(2) Za vsako tocko w € C\ K obstaja tako nenegativno celo stevilo k,, € NU {0},
da velja |z — w|*w - F € M2.

(3) Obstaja tako nenegativno celo stevilo k € NU{0}, da velja (1+2%)k - F € Mz.

Da dokazemo izrek 13, sprva v podrazdelku 2.6.1 izpeljemo obratne povezave
povezav iz podrazdelka 2.5.1. To nam omogoci, da v dokazu izreka 13 uporabimo
izrek 12. Zanimiva posledica izreka 13 je dejstvo, da obstaja imenovalec, ki je do
eksponenta natancéno ustrezen za vse mnozice K in vse matri¢ne polinome F', ki
zadoscajo predpostavkam izreka.

Na koncu poglavja v razdelku 2.7 na kratko razlozimo, kako izrek 7 razsiriti na
krivulje v R? (glej Theorem 2.7.5).

Positivstellensatzli na matriécno konveksnih mnozi-
cah

V poglavju 3 studiramo algebraic¢na zagotovila za pozitivnost nekomutativnih oper-
atorskih polinomov na matri¢no konveksnih mnozicah.

V razdelku 3.1 uvedemo potrebne definicije in predstavimo znana zagotovila poz-
itivnosti. Naj bo 7 separabilen realen Hilbertov prostor in I, identi¢ni operator
na njem. 7Z B(¢) ozna¢imo mnozico vseh omejenih linearnih operatorjev na ¢,
z S_» pa mnozico vseh sebi adjungiranih opertorjev iz B(). Linearni operatorski
Sop je izraz oblike

g
L(LE') = AO + ZAj.Tj,

j=1

kjer so Ay, A1,...,A; € Sy sebi adjungirani operatorji. Ce je dim.# = n €
N, potem B(J¢) identificiramo z realnimi matrikami M, (R), L(x) pa imenujemo
linearni matricni Sop. V primeru Ay = I, je L enicen. Ce pa je Ay = 0, je L
homogen.

Pravimo, da je A € B(J¢) pozitivno semidefiniten in pisemo A > 0, e je A
sebi adjungiran in velja (Ah, h)» > 0 za vsak h € S, pri Cemer je (-, ), skalarni
produkt na .#. Naj bo .# realen Hilbertov prostor. Ce definiramo

<h1 X ]i]l, h2 & k2>%"®% = <h17 h2>%<k17 k2>%7

in razsirimo po linearnosti, potem dobimo skalarni produkt na vektorskem prostoru
JC ® & . Napolnitev 7 ® # v tem skalarnem produktu je Hilbertov prostor, ki ga
Se vedno oznacimo z S @ J# . Za operatorja A € B(%) in B € B(.%") definiramo

(A® B)(h® k) :== (Ah) ® (Bk),
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in razsirimo po linearnosti do operatorja A ® B € B(J @ X).

7 S,, ozna¢imo mnozico simetricnih realnih matrik velikosti n € N. Naj bo
L(z) = Ao + Z?Zl A;z; linearni Sop kot zgoraj in X = (Xy,...,X,) € S¢ terica
simetri¢nih matrik. Owrednotenje L(X) je definirano kot

g
LX)=A @I, + > A;®X;
j=1
kjer je I, identicna matrika velikosti n. Prost Hilbertov spektraeder je zaporedje
mnozic
Dy = (Dg(n))n, kjerje Dp(n)={XeSy: L(X) = 0}.

Mnozico Dy(1) imenujemo Hilbertov spektraeder. Ce je L linearni matriéni Sop,
potem zaporedje Dy, imenujemo prost spektraeder, mnozico Dy (1) pa spektraeder.

Prvi pomemben problem studija linearnih Sopov je karakterizacija vsebovanosti
Dy, € Dy,, kjer sta L;, j = 1,2, linearna Sopa. Za enicne matricne sope so
karakterizacijo nasli Helton, Klep in McCullough v [HKM12, HKM13b)].

g
Izrek 14 (glej Theorem 3.1.1). Naj bosta L; = Iq; + ZAMxk, j=12,d; €N,

k=1
Ajr € Sq;, enicna linearna matricna Sopa. Potem je Dy, C Dy, natanko tedaj,
ko obstajajo tako naravno Stevilo ko € N, matrike V, € R"*% L = 1,... ko, in
pozitivno semidefinitna matrika S € Sq,, da velja

ko
Ly= S+ ViLiVi.

k=1

Se vec, ce je spektraeder Dy, (1) omejen, potem obstajajo take matrike Vi, da je
W ViVi = Iy, in je S micel k
ie1 Vi Vie = 1g, in je S nicelna matrika.

Tu se pojavi naravno vprasanje, ali je mozno zgornji izrek posplositi iz matri¢nih
sopov na operatorske. To vprasanje obravnavamo v razdelku 3.2. Odgovor nanj je
pritrdilen in je vsebina naslednjega izreka.

Izrek 15 (Linearni Positivstellensatz; glej Theorem 3.2.13). Naj bosta ¢, j = 1,2,

g
separabilna realna Hilbertova prostora in Lj = I, —i—Z Ajprr, j=1,2, Ajr € Sy,

k=1
linearna operatorska Sopa. Naslednje trditve so ekvivalentne:

(1) Dy, C Dy,.
(2) Naj bo C najmangsa unitalna C*-algebra v B(74 @ R), ki vsebuje operatorije

A 0 B
{O 1}, k=1,....9.

Obstagajo tak separabilen realen Hilbertov prostor A, izometrija V' : 7y — A
in unitalni x-homomorfizem 7 : C — B(J'), da velja

(8 )rer((5 2])r
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(8) Naj bo C najmangjsa unitalna C*-algebra v B(J8), ki vsebuje operatorje Ay,
k=1,...,g9. Obstajajo tak separabilen realen Hilbertov prostor Jq, skrcitev
Vo @ 6 — K, unitalni x-homomorfizem my : C — B(J) in pozitivno
semidefiniten operator S € B(7%), da velja

LQ =9 + ‘/0*77'0([11)‘/0.

Dokaz izreka 15 je predstavljen v podrazdelku 3.2.1. Glavne uporabljene tehnike
so podobne kot v [HKM13b], to sta popolna pozitivnost in teorija operatorskih al-
geber. Definiramo unitalno *-linearno preslikavo 7, ki slika med linearnima ogrinja-
cama koeficientov danih linearnih Sopov in povezemo vsebovanost Dy, C Dy, in
popolno pozitivnost preslikave 7 (glej Theorem 3.2.5). Potem izrek 15 sledi z
uporabo realne verzije Arvesonovega izreka o razsiritvi in Stinespringovega repre-
zentacijskega izreka. Kot posledico izreka 15 v podrazdelku 3.2.2 opiSemo vse terice
(A1, ..., Asy), ki za dano terico (A1, ..., A1), zadoscajo trditvi (1) izreka 15.

Drugi pomemben problem studija linearnih Sopov je karakterizacija enakosti
Dy, = Dy,, kjer sta L;, j = 1,2, linearna Sopa. Za enicne matricne Sope z ome-
jenimi spektraedri so karakterizacijo nasli Helton, Klep in McCullough [HKM13b,
Theorem 1.2].

g
Izrek 16 (glej Theorem 3.1.2). Naj bosta L; = Iy, + » Ajprg, j = 1,2, d; € N,
k=1
Aj i € Sq;, taka enicna linearna matricna Sopa, da sta spektraedra Dy, (1) omejena.
Potem sta naslednji trditvi ekvivalentna:

(1) Dy, = Dy,.
(2) Naj bosta H; C R% , j = 1,2, podprostora, ki zadoicata naslednjim pogojem:

(a) H; je invarianten za vsako matriko A, k=1,...,9.
(b) DLj|Hj = Dy, kjer je Lj|u, zoZitev Sopa L; na podprostor H;.
(c) Ne obstaja pravi podprostor H; C Hj, ki zadosca (2a) in (2b).

Potem obstaja taka unitarna matrika U : Hy — Hy, da za vsak k = 1,...,¢g
velja
Ag k|, = U Avg|m, U

Tu se pojavita dve vprasanji. Prvo vpraSanje je, ali je predpostavka omejenosti
spektraederov Dy, (1) v zgornjem izreku potrebna. Drugo vprasanje pa je, ali je
mozno zgornji izrek posplositi iz matri¢nih Sopov na operatorske. Glavni rezultat
razdelka 3.3. je posplositev iz omejenih spektraedrov na neomejene in iz matri¢nih
Sopov na operatorske, katerih koeficienti (razen identi¢nega operatorja) so kompak-
tni operatorji.

Izrek 17 (Linearni Gleichstellensatz; glej Theorem 3.3.1). Naj bosta 7, j = 1,2,

9
separabilna realna Hilbertova prostora in Lj(x) = I, +Z Ajrrr, J = 1,2, linearna

k=1
operatorska Sopa, kjer so Ajy € Sy, sebi adjungirani kompaktni operatorji. Potem

sta nasledngi trditvi ekvivalentnai:
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(1) DL1 = DL2'
(2) Naj bosta H; C 4, j = 1,2, zaprta podprostora, ki zadoscata naslednjim
pogojem:

(a) H; je invarianten za vsak operator Ay, k=1,...,¢.
(b) DLj|Hj = Dy, kjer je Lj|u, zoZitev sopa L; na podprostor H;.
(c) Ne obstaja pravi zaprt podprostor H; C H;, ki zadosca (2a) in (2b).

Potem obstaja tak unitarni operator U : Hy — Hy, da za vsak k = 1,...,9g
velja

Ao il = U Ag |1, U.

Glavna tehnika v dokazu izreka 17 je razumevanje unitalnih C*-algeber, generi-
ranih s koeficienti A;x|m;, K = 1,..., g, in izomorfizmov med takimi C*-algebrami.
Kljuéno opazanje za razsiritev iz omejenih na neomejene spektraedre je povezava
med tericami (Aj,1|Hja Ce 7Aj,g|Hj) n (Aj,llHj D OR, ce 7Aj,g H; D OR)7 kjer je OR
nicelni operator na R (glej Proposition 3.3.7). Obstoj in karakterizacija zaprtih
podprostorov H;, j = 1,2, ki zados¢ata predpostavkam (2a)-(2c) v izreku 17, sta
dokazana v podrazdelku 3.3.2 (glej Corollary 3.3.16 in Corollary 3.3.20). Nato v
podrazdelkih 3.3.3 in 3.3.4 Studiramo, ali se izrek 17 posplosi na operatorske Sope,
ki nimajo kompaktnih koeficientov. V podrazdelku 3.3.3 dokazemo, da podpros-
tora H;, j = 1,2, ki zadoscata predpostavkam (2a)-(2c) v izreku 17, ne obstajata
vedno (glej Example 3.3.21). Toda tudi ¢e taka podprostora obstajata, se zakljucek
izreka 17 ne posplosi na Sope z nekompaktnimi koeficienti (glej Example 3.3.22 v
podrazdelku 3.3.4).

Tretji zanimiv problem Studija linearnih Sopov je vprasanje, kako posplositi
karakterizacijo vsebovanosti Dy, € Dp,, kjer sta L;, j = 1,2, linearna Sopa,
na primer poljubnega nekomutativnega operatorskega polinoma Ly. 7 Rlx) =
R(z1,...,z4) oznac¢imo mnozico polinomov v nekomutativnih spremenljivkah x,
..., X4, s koeficienti v R. Naj bosta ., j = 1,2, Hilbertova prostora in B(74, 765)
mnozica vseh omejenih linearnih operatorjev iz 4 v J%. Posebej, mnozici R(x)
in B(J4, 74) sta R-modula. Nekomutativni (nk) operatorski polinom je element R-
modula B(J4, 74) @ R(x), opremljenega z involucijo *, ki je trivialna na R, obraca
vrstni red spremenljivk in je obi¢ajni adjungirani operator na B(J4,.74). Ce je
dim % = v; € N, j = 1,2, potem elemente iz B(.74, .75) identificiramo z mnozico
M,, ., (R) realnih vy x v matrik, elementov iz M,,,, (R) ® R(z) pa pravimo nk
matricni polinomi.

Naj bo # realen Hilbertov prostor, n € N naravno stevilo in [,, identi¢na ma-
trika velikosti n. Nc operatorski polinom F' € B(J#,.74) ® R(zx) ovrednotimo na
terici X := (X3,...,X,) € SY simetri¢cnih n X n matrik na naraven nacin, tako da
zamenjamo spremenljivke x; z matrikami X;, prosti ¢len Fy ® 1 pa spremenimo v
Fy® I,,. Tako F(X) postane element iz B(.74, 75) @ M,(R).

Naj bo sedaj .7 realni Hilbertov prostor in F' € B(.%) ® R(z) nc operatorski
polinom. Prosta Hilbertova semialgebraicna mnozica generirana z F' je zaporedje
mnozic

Dr = (Dg(n)),, kjerje Dp(n)={X e€S!: F(X) = 0}.
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Helton, Klep and McCullough so v primeru matri¢nega Sopa dokazali naslednjo
posplositev izreka 14 (glej [HKM12, Theorem 1.1]).

Izrek 18 (glej Theorem 3.1.5). Naj bo L € Sy ® R(z), d € N, enicen linearni
matricni Sop. Za vsak tak nk matricni polinom F € M,(R) @ Rlz), v € N, ki
zadosca F'= F* in Dy, C Dp, obstaja konéno mnogo takih nk matri¢nih polinomov

R; € M,(R)®R(z) in Q) € Myx,(R)®(x) stopnje najvec deg2(F), Jo, ko € N, da velja

Jo ko
F=> RR+> QiLQ
j=1 k=1

V razdelku 3.4 izrek 18 posplosimo iz matri¢nega na operatorski Sop.
Izrek 19 (Konveksni Positivstellensatz; glej Theorem 3.4.1). Naj bo S separabilen
g

realen Hilbertov prostor in L(x) = I,;f—l—z Agxy enicen linearni operatorski Sop, kjer

k=1
je Ly identicni operator na 7 in so A, k= 1,..., g, sebi adjungirani operatorji na

H. NajboC C B(A) unitalna C*-algebra, generirana z operatorji Ay, k =1,...,g.
Za vsak nk matricni polinom F € M,(R) @ Rz), v € N, ki zadoséa F' = F* in
Dy C Dpg, obstajajo tak separabilen realen Hilbertov prostor J£ , x-homomorfizem
m:C — B(JX), koncno mnogo nk matricnih R; € M,(R) @ R(x) in nk operatorskih

1
polinomov Q € B(R”, %) @ R(x) stopnje najveé 5 deg(F), jo, ko € N, da velja

Jjo ko
F=> RR;+> Qim(L)Qx.
j=1 k=1

Izrek 19 dokazemo s podobnimi tehnikami kot v [HKM12], pri ¢emer je kljuéna
ideja predelava klasicnega Putinarjevega separacijskega argumenta. S pomocjo izre-
ka 15 in verzije Hahn-Banachovega izreka [HKM16b, Theorem 2.2] lahko uporabimo
separacijski argument iz [HKM12] tudi v primeru prostih Hilbertovih spektraedrov.

V razdelku 3.5 razsirimo izrek 19 v primeru ene spremenljivke iz nk matri¢nih na
nk operatorski polinome (glej Theorem 3.5.1). Glavni korak v dokazu je redukcija na
primer inkluzije prostih Hilbertovih spektraedrov, kar dosezemo z uporabo verzije
operatorskega Fejér-Rieszovega izreka [Ros68]. Primera Example 3.2.16 in Example
3.5.2 pokazeta, da se izrek 19 ne razsiri na neenic¢ne Sope.

124



